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/1B OKPY>XHOCTW
B TPeYyronbHWKe,
TPWN OKPY>XXHOCTU
B TpeyrosbHuke ..

A.BJIMUHKOB, 10.6JTMUHKOB

ACCMOTPUM JIOBOIIBITHYIO TEOMETPUYECKYIO KOH-
urypanmio, kKoropas BO3HUKAeT BO MHOTHX 3ajla4aX, B TOM
qicJie ¥ CTaBIINX <KJACCHYECKHUMU»: oTpe3ok CD pasbuBaer
TpeyroibHUK ABC Ha /1Ba TPEyTrOJbHUKA, B KasK/Iblil U3 KOTOPBIX
C BIIMCaHa OKPYYXHOCTb.
[Tycrs Touku [y u [, —
HEHTPBI ITUX OKPYKHOC-
teit (puc.1).
Hexkoropnie ceoiicmea
amoil Konuzypayuu
HMPAKTUYECKU OUEBU/IHbI:
1. a) Tpeyzoavruxk
A ILDI, - n -
DI, DAMOYZONb
Punc. 1 HbLL.
[letictBurenbuo, DI} u DI, — 6ucceKTpUCHI CMEKHbBIX YTJIOB,
noatromy ZI,DI, = 90°.

6) £ICI, = %AACB.

HeiictBuresnibno, CI; n CI, — Guccekrpucol yrioB ACD u
BCD coOTBETCTBEHHO.

2. llycmv 1 u v, — paduycovl OKPYKHOCMEL, BNUCAHNBIY 6
mpeyzoavnuxu ACD u BCD, r — paduyc oxkpyxunocmu, 6nucam-
noti ¢ mpeyzoavnux ABC. Tozda r, + 1, > r.

JleiicTBuTebHO, Tak Kak Sspc = Sacp + Spep » TO, UCTOJIb-
3yd (opMmyJry, BbIpa)KaloULylo IJIOIA/b TPEyroJbHUKA 4Yepes3
pajiiyc BIIMCAHHOH OKPYXKHOCTU U IOJIyIEPUMETDP, HOJIYYHM:

P2

pr=pn+por, &1 = &n + ==, . VI3 HepaBeHcrBa TpeyroJib-

HUKA CJIEYeT, uTo Py < P u Py < p (eMm.puc.1),1.e. ¥ <1, +7y,

4TO M TPeOGOBAJIOCH.

OTMeTuM, YTO JIOKA3aHHOE YTBEPIK/EHUE MOXKHO OOO0OIIUTDH
JUIs1 1I000T0 OMMCAHHOrO MHOroyroJbHuka (cM. 3amady 1 s
CaMOCTOSITE/JIBHOTO PEIIEHNs ).

Jluist TOro uTOGBI MOJYYUTH OpYeue CeOUCMEAd PpAccMampusde-
MOl KoHGpuzypayuu, Ham TOTpebyeTcs BCIOMHUTH OJAWH W3
(pakTOB MIKOJBHOTO Kypca reoMeTpuu.

I[Tycmw oxpyxnocms enucana 6 mpeyzoaviux ABC co cmopo-
namu a, b u c. Tozda paccmosinusi om eepuiun mpeyzoivHuxa 0o
mouex Kacanusi paswvl. p—a, p—b u p—c, 2de p — noayne-

pumemp mpeyzonivHuKd
4 (puc.2).

JlokasaTe/bCTBO He-
CJIO’KHO BOCCTAHOBUTD IO
PUCYHKY 2.

3. Ilycrp okpysknoc-
TH, BIWCAHHBIE B Tpe-
yronbHukn ACD u BCD,
Kacaiorcs npsimoit CD B
toukax E u F (puc.3).

BpigcauM, oT Kakux Ju-
HeITHbIX BeJIMYNH 3aBUCUT
JauHa orpeska EF.
Beenem cranmaprtHble
0603HaYeHNs Il CTOPOH
tpeyroabiuka ABC, a
takxe: AD = x, BD =y,
CD =d. llepumeTpbl Tpe-
yrosbuukoB ACD u BCD
00603HAYUM Py U Py COOT-
BeTcTBeHHO. Toraa

EF =|DF - DE| = |(p, - a) - (p, - b)| =

_|d+y-a _d+x-b|_ (b +y)—(a+x)
|2 2| 2 '

Takum o6Gpa3oM, 3TO paccTOsSIHUE 3aBUCUT OT JJIMH YeTbIpex
OTPE3KOB. JTO TO3BOJISIET PACCMOTPETD B8AXKHbIE UACMHbBLE CILY-
yau, Kotopbple (DUTYPUPYIOT B KadyecTBE OTIAEJbHBIX 3a/ad BO
MHOrMX ucrounukax (cm., nanpumep, [3], [6] n [7]).

a) Ilyctb a = b, 1.e. Tpeyroabuuk ABC — paBHOGeApeHHbII ¢

Puc. 3

T , @ 3HAYHUT, B 3TOM CJIy4yae

JIOCTATOYHO 3HATh /IIMHBI OTPE3KOB, Ha KOTOpbIe TOuka I
pa3buBaet AB.
6) Ilycrb Touka D — cepeanmna AB, t.e. CD — Meanana
b-d
— . T.E
2
3TOM cJly4ae JIOCTaTOYHO 3HaTh AJauHbl cTopoH AC n BC.

B) Ilyctb CD — Guccekrpuca tpeyroabunka ABC. Torma

ocuoBanueM AB. Torna EF =

tpeyroabauka ABC. Torga x = y, 3nauur, EF = . B

e ux + y = c. Petnag sty cucremy ypaBHEHUH, TTOJYYUM
Yy a
. +b-c)b-
x = be , Y= g . 3HAYWHT, EF=(a C)‘ a
a+b a+b 2(b+a)

r) Ilyctb D — Touka KacaHus OKPYKHOCTH, BIIMCAHHON B
tpeyrobank ABC, co croponoit AB. Torma x =p—-a,y=p->b,
rae p — noaynepumerp tpeyroabHuka ABC. CaepoBaresbHo,
a+x=>b+y, nosromy EF = 0. ['eomerpuueckn aTo o3Havaer,
4T0 06€ OKPY>KHOCTH KacaioTcst CD B 0{HOI U TOIT Ke TOUKe, T.e.
3TH OKPYKHOCTH KacaloTcs JApYyr JApyra.

[Tosryyenublii pesy/ibTaT He TOJILKO caM 110 cebe nHTepeceH, HO
JIOIYCKAeT U HEKOTOPYIO IPOCTPAHCTBEHHYIO aHasoruio (cM.
3ajady 9 UIs1 CaMOCTOSITEIBHOTO PEIICHUST).

3ameuanue. OT™METUM TaKKe, 4TO ecsn Obl U3HAYAJIbHO Oblia
copmympoBana obparnas 3ajava: «IIpm kakom pacnosoxe-
HUY TOYKH [ OKPYIKHOCTH KacaroTcs APYT Apyra?», To 10rajlaTh-
cs1, uto D — TOYKa KacaHusi BIUCAHHOI OKPYKHOCTU CO CTOPO-
HOI1, UCXO/S TOJBKO W3 TOJIy4YeHHOU Hamu ootieil (opmyibl,
6p110 6b1 BecbMa Herpocto. Hmske MbI MOKakeM, Kak 3TOT
pe3yJibTaT MOXKHO IOJIYYUTb U3 JAPYTUX cOOOpaskeHui.

Hame panpheiiinee uccaegoBanne OyJeT CBSI3aHO C TOUKaMH,
B KOTOPbBIX TPH OKPY’KHOCTH KacaioTcs CTOPOHbI AB.

[Tyerp 1, I} n I, — neHTpbl OKPY’KHOCTeli, BIIMCAHHBIX B Tpey-
ronpunkun ABC, ACD n BCD coorBercrBenno, L, M n K —
TOUKM KacaHWsl dTUX OKPY’KHOCTEil co croponoit AB (puc. 4).

4. Jlokaxkem <«katouesoils ¢pakm: ML = DK.
_CD+BD-a

2

HeiictBurenbno, DK =p, —a

ML = AL-AM = (p-a)—(p,—CD) =

_b+c—a_b+AD—CD _t—a+CD-AD CD+BD-a
- B 2 B 2 - 2 ’

tak kKak AD + BD = c¢. CnepoBaresibino, ML = DK, 4to u
Tpe6OBaJIOCh.
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Puc 4 A MD c LK B

Wcnonb3yqa 310 paBeHCTBO, MOXKHO IOCJIE/I0BATEJIbHO I0JIY-
YUTb Opyeue C8OUCMBA PACCMAMPUBAEMOU KOHPUYPAUUU.

B wactnoctu, 310 Maet Apyroit cnocob 10Ka3aTeabCTBA TOTO,
4TO OKPYKHOCTH ¢ 1ieHTpamu Iy u I, Kacaiorcs Torja u TOJbKO
Torja, korja touku D u L cosrnasaior. [leiictBuresbHo, kacanue
OKpy»kHOCTell ¢ nentpamu [; u I, paBHOCUJIBHO TOMY, 4TO OHU

C Kacatorcs orpeska CD B
O/IHOM U TOIl ke Touke F,
4TO, B CBOIO OYEPe/ib, PaB-
HOCHUJIbHO PABEHCTBY OT-
PE3KOB KacaTeJbHbIX:
DM = DF = DK (puc.5).
YuureiBass, uro ML =
B = DK, noJjiygum, 4T0O 3TO
PABHOCHUJIbHO COBIIajle-
HUIO Touek D u L.

Heckoabko Jiet Hazaj
Ha OJIUMIIMAJE [0 Teo-
MeTpur Oblaa mpejioKena caeayomas 3azada (V MockoBckas
yCTHasl OJIMMITHaa 1o reomerpuu, aBrop — I1.KoxkeBHUKOB).

Durcuposanvl dee OKpYKHOCMU O U Wy, 00HA UX BHEUHIS
Kacamenvnas n u 00Ha ux enympennss kacameavhas m. Ha
npamot m evibupaemcs mouka X, a na npsamou n cmposimcs
mouku Y u Z max, umo XY u XZ xacaromcsi ®; u o,
coomeemcmeenio, a mpeyzoaviux XYZ codepxrum okpyKHoc-
mu W u W, . /lokaxume, umo yenmpvl OKpYKHOCMEL, 6NUCAH-
noix 6 mpeyzoavnuxku XYZ, aexam na oonou npsamoii (puc.6).

Eciu 6b1 MBI pa-
Hee He pacCMOTpeJIn
CBOHCTBO TOYEK Ka-
caHusi OKpy>KHOCTel
CO CTOpOHOUN AB, TO
K 9TOM 3a/1aye ObLIO
Obl TPY/IHO TO/CTY-
nutbesa. Teneppb ke
HA/I0 IIPOCTO BHHK-
HYTb B yCJIOBHE.

IIycte M n K —
TOUKHU KacaHus JlaH-
HBIX OKPY3KHOCTEI! ¢
npsmoit n, D =n(1m. PaccMoTpuM pHCYHOK 4, Ha KOTOPOM
X=C,Y=A,Z=B,torpa CD=m, AB=n. Touku M,
K u D ¢pukcuposans (ciaeayer us yeaosus). PaccMOTpuM TOUKY
[ xacanus BIIMCAHHON OKPYKHOCTH TpeyroiabHnka XYZ c
npsmoit YZ. Tak kak ML = DK u L nexwut mexay M u K, to
Touka L taxxke pukcupoBana. [lenTp I okpy>kHOCTH, BIIUCAHHOI
B TpeyroJbHUK X YZ, JIe)KUT HA NIepIeHANKYJIApe K YZ, Tpoxo-
adiieM yepe3 touky L. CriepoBaTesibHO, 1IEHTPbl OKPYKHOCTEIH,
BIIMCAHHBIX B TPeyroJbHUKN X YZ, jekar Ha OJHOU TPIMON.

9. Eme oagno esasxnoe ceoiicmeo mnawei xonguzypayuu
(V Copocosckasg oamMnnaja mKoabHnkos, asrop — M. Ilapbi-
run): mouxu Iy, L, D u I, aexam na 00not okpyxHocmu.

Paccmorpum Touky Q — cepeanny orpeska Il , KOTOpBIii
sBJisseTcsi 6oJibleil 60KOBOI CTOPOHOI TIPSIMOYTOJIBHOI Tparie-

A M D,L K B
Puc. 5

Y n VA
Puc. 6

2012/ Neo2

A
Puc. 7

uun M11,K (puc.7). Torga touka Q paBHOyAaJeHA OT TOYEK
M un K. U3 pasenctBa ML = DK canenyer, uto MD = LK,
3Ha4YMT, ToyKa () paBHOyAaneHa Takxke u oT Touek D u L. Tak
kak ZI,DI, = 90°, To okpyKHOCTb ¢ Auamerpom Iyl npoxoaur
yepe3 TOuky D, a Torjia 3Ta OKPY’KHOCTD IPOXO/IUT U YepPe3 TOUKY
L, 4ro 1 Tpe6oBaIOCh.

ITO CBOICTBO OKa3blBaeTcs O4YeHb CYIIECTBEHHBIM IIPH pac-
CMOTPEHUHU YAaCTHOTO ciydasi, korjga CD — BbIcOoTa TpeyroJibHUKa
ABC, nexanias BHyTPH TPEYTOJbHUKA.

6. /lokaxkem, 4TO B 3TOM CJIyyae:

a) LL=FEL;

6) sepuwuna P xeaopama I,LI,P aexum na npsmoi CD.

Paccmorpum okpyskHocTh ¢ maumamerpom I, (puc.8). Ilo
JlOKa3aHHOMY, TOYKM L n D sekaT Ha 3TOH OKPY>KHOCTH.

a) ZI|LI, =90° , m10sTOMY B IIPAMOYTOJIBHBIX TPEYTOJbHUKAX
IIML w LKI, ocrpble yrjbl cOOTBETCTBEHHO paBHBbI. Kpome
Toro, Tak kak DI, —6uccekrpuca yriaa BDC, to £ZI,DK = 45°,
suaunt, [H,K = DK = ML . Takum o06pa3oM, TpPeyroJbHUKH
I ML w LKI, pasubi, nostomy I1L =1,L .

6) Ecom I,LI,P KBajpar, T0 LP — jpuamerp TOH Xe
OKpPYKHOCTH, TOra LLDP =90°, 3Hauur, Toyka P JeXuT Ha
Bpicote CD.

7. llyctp Tenepnb Tpeyrosbunk ABC — npsmoyrosbhblii, a CD
— ero BbICcOTa, nposejiertas K runorenyse (puc. 9). /lokaxkem,
4TO:

Puc. 9

a) mouxa P — yewmp oKkpyKHOCMU, ONUCAHHOU OKOJIO Mpe-
yeoavnuxa 1,CI, ;

6) LL.1.AC w L1l BC ;

8) JJL=ll =11

r) mouxu A, I, I, u B nexam na o0noi oxpyxuocmu.

a) Tak kak ZI,CI, = 45°, ZI,PI, = 90° u touka P paBHOy1a-
jena ot Touek Iy u I, , To P — 1IeHTP OKPY’KHOCTHU, OMUCAHHOIL
okoJio tpeyroapauka [,CI, .

6) W3 pokasanHoro B myHKTe a) caeayer, yro ZPIC =



= /LPCI, = ZACI,, 3nauur, Pl || AC, torga I,L 1L AC . Ana-
gornuno, PI, || BC u I,L 1 BC .

B) [Iycts LCAB =, torga LAIL = 90°—%0¢ a8 LLELL=¢

(ero CTOPOHbBI COOTBETCTBEHHO I€PIEHIMKYISPHbI CTOPOHAM
yraa BAC). 3uauur,

ZILL =180° — (LAIL + ZI,LT) = 90° - %oc = ZLIL.

Cnenosarenbno, I\L = IL . PaBenctBo I\L = I,L yxe qokazaHo
B IIYHKTE a) CBOIiCTBa 6.

r) Tak kak

1 1
21N = ZILL~ ZIIL =90° = 0= 45° = 45° — S = ZI,BA,

TO YeTbipexyrojbuuk Al l,B — BnucaHHblii, 4TO 1 TPe6OBAJIOCH.

[IInpoko M3BeCTHbI reoMeTpUYecKue yTBepXKAeHUs, KOTOpbIe
JIETKO JIOKa3bIBAIOTCSI <«B OJHY CTOPOHY», a J/I0KA3aTeJbCTBO
YTBEPsK/JACHUI, UM OOPaTHBIX, COIPSKEHO CO 3HAUYNTEJbHBIMH
tpyanocramu. CpoiicTBo Hamieil koudurypamuu, paccMOTpeH-
HOe B ITyHKTe 6, JaeT BO3MOXKHOCTb B OYePe/IHOI pa3 Mpo1eMOH-
cTpUpOBaTh 3TOT «3dekT 06paTHOIl 3a7a4n».

8. Hamomuum oany msBecTHyIO 3aja4y.

Hycmov CD — evicoma npsamoyzoavhozo mpeyzoavhiuka ABC,
nposedennas Kk 2unomenyse, d paouycol OKPYKHocmetl, 6nuUca-
noix 6 mpeyzoaviuku ABC, ACD u BCD, pasuvt r, 1, u 1,
coomeemcmeaenno. Jloxaxume, umo r° =1¢ +715 .

Jlns ee pemennst 0ObIMHO UCHOJIB3YETCST TOT (DAKT, UTO Tpey-
rosbHUKN ACD w1 CBD tioao6ub! Tpeyroibauky ABC ¢ kKoaddu-

2
" : S 7
IMeHTaMH — M —— COoOTBeTcTBeHHo. Torma =4¢D — 1

g & r Sapc 1
Seep _ I
Cn -7 Tak Kak Supc = Sacp +Spcp, TO, CIOXKHUB 3TH
paBeHCTBA MOYJIEHHO, MOJyYrM TpeOyeMoe PaBeHCTBO.

OO6patHoe yTBepsK/I€HNE CTOJb Ke IIPOCTO J0Ka3aTh He TOJIy-
4UTCS, TaK KaK HEOTKY/a B3SThb 110/100HbIe TpeyroibHuku! 3aro
MOKHO TTPOJOJIKUTD PACCYKACHUS U3 I0KA3aTEIbCTBA CBOWCTBA
6,a. JleliCTBUTECIBHO, TaK KaK 7> = 7'12 +r22 ,TO B <7T U 1 <T,
torja Bbicota CD siexxut BuyTpu Tpeyroabiuka ABC. Tak kak
tpeyroapuukn I{ML w LKI, paBubi, To 1 =IM =LK n
r,=LK=LM (cm. puc.8). 3uaunr, 7 +rf = ,I? = L,I?,
torna IL=r=1LL=1,L, r.e. tpeyrompuuxku I,LI w I,LI -
paBnoOeapennbie (cMm. puc.9). Mcnosb3yem To, 4To cyMMa yIioB
gerpipexyroibauka [IJJI,L pasuna 360°. YuureiBas, 4rto

2101, =180° =P pp v 2L 2Lty =900, nony-

unM, uyTo o+ =90°, t.e. LACB =90° (rme B = ZABC).

OrmeTnM, 4TO M O6pPATHYIO 3a/1a4y MOXHO pellaTh aHaJo-
TUYHO.

9. Temepb yMecTHO paccMOTpPeTb TaKOil BOIIPOC: MOzym Ju
oKpyKHocmu, enucannvie 6 mpeyzoivnuxu ACD u BCD, umemnw
pasnvle paouycot?

Jla, KOHEYHO. DTO JIETKO MOHATH U3 COO6paKeHUit HelpepbIB-
HOCTHU: MeHAS I0JIOKeHUe TOYKHM [), Mbl MOKEM IOJIyYUTh Kak
pasbuenue, IIpu KOTOPOM IiepBasi OKPY>KHOCTb 00Jibllle BTOPOI,
Tak U pasbueHue, MpU KOTOPOM IepBasi OKPYKHOCTb MEHBIIE.
Torpa, B cuiy HenpepbiBHOCTU IepeMelieHus ToYku [ 1o
oTpe3ky AB, cyuecTByer 1oJiokeHue TOYKU D, 1pu KOTOPOM
OKPY’KHOCTH PaBHbI (TeopeMa 0 NPOMEKYTOUYHOM 3HAYEHHUN
HeIpepbIBHON (hyHKIMM).

Boanee Toro, okasbiBaercs, 4TO Takyio TOYKY D MOKHO IOCT-
POUTH € MOMOUIBIO IIUPKYJIA U JuHeliku! PaccMorpum coorBet-
creyionyio 3ajgauy (IV MockoBckasi ycrHasi OJMMIHaa 10
reomerpun, aBrop — M.Bosukesny).

/lan npoussosvnviii mpeyzoavnux ABC. [locmpotime npsamyio,
npoxodsiwyio uepez mouxy C u pazbusaiowyio ezo na 06a mpe-
Y20IbHUKA C PABHBIMU PAOUYCAMU BRUCAHHBIX OKPYHKHOCTMEU.

IIpoBepem ananus.
IMycts CD — orpesok
MCKOMOIT ipsiMoit (Tou-
ka D —nacropone AB),
Iy, I, u I — nenrpsl
OKPY?KHOCTEI, BIIUCAH-
HBIX B TPEYTrOJIbHUKH
ACD, BCD n ABC co-
orsercTBenno (puc.
10). Torpa rouxkn I; u
I, nexar na nyuax IA
u /B cooTBeTCTBEHHO,

npuuem LI, || AB . '
Kpowme Toro, ZI,CI, = 4 D B
1 Puc. 10

Paccmorpum Takyio romorteTio ¢ 1meHtpom I, 4yto oGpasamu
touek Iy m I, aBagiorcs touku A u B coorBercTBenHo. Toraa
o6pasom Touku C sBisercs touka C’, sexamnias Ha ayyde [C, u3

1
KOTOPOii ctopoHa AB BujHa noj yriaom, paBubim — LACB .

3HaunT, MOKHO 1OCTpouTh Touky C’ Kak nepecevenue jgyda [C
C TEOMETPUUYECKUM MECTOM TOY€K, U3 KOTOPbIX AB BuHA 10/

YIJIOM, PaBHbBIM EAACB. BbINOJIHUB  3aT€M TOMOTETHIO C

IC
rientpom I 1 koapduimentom k = C’ nostyyuM Touku Iy u I, .

[Ipamas CD — o6mas kacatesibHasl ABYX OKPY)KHOCTeEIl ¢ IIeHT-
paMu B 9TUX TOYKAX ¥ Pa/InycaMu, PaBHbIMU PACCTOSAHUIO MEXK /LY
npambivt I, u AB (J10cTaTOYHO MOCTPOUTH KacaTeJIbHYIO K
OJIHOI N3 OKPY KHOCTEH, TPOXOAANLYI0 yepe3 Touky C, Torjia ona
aBTOMaTH4yeckn OyJleT KacaTeJbHOU U K JAPYroil OKPYIKHOCTH).

B 3ak/ounTtesibHON YaCTH PELIEHUS MOYKHO TaK)Xe UCII0JIb30-
BaTh TO, 4TO O0Tpe30K I/, Bu/ieH N3 MCKOMOI TOYKH D 110/ yIJIoM
90° .

10. Murepecen emie oanH yacTHbI caydail (aBrop 3agaum —
. Kynuup).

Touxa D evibpana na zunomenyse AB npsmoyzoivrozo mpe-
yeoavnuka ABC max, wmo okpyKHoCmu, 6nucannvie 6 mpey-
eonvnuxu ACD uw BCD, umeiom pasnvie paduycvl. Tozda
S.pc =CD?.

[oxaxxem aro. Ilycre Iy, I, u I — ueHTpbl OKPY’KHOCTEII,
Brucanubix B tpeyroibhuku ACD, BCD u ABC (puc.11).

Puc. 11

Torpa toukn Iy u I, nexar Ha sydyax A u IB cOOTBETCTBEHHO,
npuueM 1, || AB . CnenoBatesibho, Tpeyronpuukn AIBu 1111,
110,100HbI, 3HAYMT,

r c

r-n I

Tenepp Bocnosmbdyemcss TeM, 4TO S,pc =S, cp +Spep =
=(p,+py)n, TAe 1 — paamyc paBHBIX OKpyskHOCTeil. IlycTb
CD =d, torna py+p, =p+d, rae p — NOJYIHEPUMETP Tpe-
yroabunka ABC. Takum o6pa3som,
_Sapc _ _pr

p+d p+d’
Tak kak paccrossHMe Mexay Toukamu I, u I, paBHO

i
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paccrosgHuio Mexay Toukamu M u K KacaHusi OKpy»KHOC-
Teil co ctopoHoit AB, TO

I, =DM +DK =p,-b+p,—a=p+d-a->b.
3 HaiijieHHbIX TPEX COOTHOIIECHUIT MOJTYUNM

pr
p+d

=r(p+d-a-b)&

il .
cd= (p+d) —(p+d)(a+b) s
cd = p* +d*+2pd — pa—pb-ad -bd &
p’+d* =pa+pb e d° =p(p-c)=pr=Sypc.

«Ilog 3anaBec» paccMOTPUM JiBe CJI0XKHDIE 3a/la41, CBSI3aHHbIE
¢ Hamell KoHdurypamumei.

11 (aBrop — JI.EmenbsinoB). B mpeyzoavnuxe ABC nposedena
meduana CD. Touxu Iy u I, — wemmpor okpyxnocmetl,
snucannvix 6 mpeyzoavnuxu ACD u BCD, a mouku Jy u J, —
Uuenmpvl 6HeGNUCAHHBLX OK-
pysKHocmel 3mux mpey-
20JIbHUKO8, KACANOUUXCS
cmopon AC u BC coomeem-
cmeenno (puc.12). Jdoxa-
Kume, 4mMo Imu uemvipe
MoUKU AeKAM HA 0OHOU OK-
pyKHocmu.

JlokasareancTtBo. Ham
norpebyercst ciaeayionias
JeMMma.

/[an mpeyzonrvnux ABC,
I — uenmp enucannoi 6 mezo oxpyxnocmu, Q — uyenmp
sHesnuUCanioll okpyxKnocmu, kacaouetics cmoponvt BC. Tozda
Al A = AB <AL,

[lokasaTtb 3TO yTBep K/eHue MOKHO 110-pazHomy. Hanpumep,
paccmorpuM tpeyroabuuku ABQ u AIC (puc. 13):
/BAQ = ZIAC, kpome toro, tak kak ZIBQ =90 rto

AABQ:90°+%AB, " AAIC:180°—%4A—%4C:90°+

Puc. 12

1
4 ELB = ZABQ . Takum 06pa3om,

AT TPEYIroJbHUKH HOIIOéHb], 3Ha-

AB  AO
AT, —

Al AC
JIOKa3bIBa€MOE PABEHCTBO.

Jlpyroii cnoco6 — WHCIOJb30BATDH
CUMMETPUIO OTHOCUTEJIbHO OUCCEKT-
pucbl AI U CBOUCTBO CEKYyIIEH.

ITo nokasanHoi semme A7 Tpey-
ronbuukos ADC n BDC umeeMm:
DI,-DJi=DA-DC=DB:DC =
= DI, -DJ,, otkyaa u cjeayer yr-
BepK/IeHIe 3a/1a4u.

12 (3akJa0YUTENbHBII dTalm
XXXVII Becepoccuiickoi osmumIiMa-
abl, aBrop — M.Kynroxun). B ne-
pasnobeopennom  mpeyzoivHuKe
ABC npoeedena meduana AM. Touxu I, u I, — uyenmpuwl
OKpYyKHOCMel, snucannvix 8 mpeyzoavnuxu ABM u ACM, N —
cepeduna dyzu BC (codepxkaweit sepuuny A). [lokaxume, umo
mouxu A, N, I, u I, aexam na oonoit oxpyxnocmu (puc.14).

JlokaszareibcTBO Oy /IeT COCTOSATh U3 HECKOJIbKUX YacTeil, KOTo-
pbie MblI OyieM (popMyIMpOBaTh U JIOKA3bIBATh 110 OT/EJbHOCTH.

1) Ilycrs J; m J, — 1EHTPBI BHEBIMCAHHBIX OKPYKHOCTEIl
Tpeyroibuuka ABC, kacaouuxcs cropon AB u AC coorsert-
crBerno. Torga Touka N — cepeauna orpeska JiJ, .

, OTKY/la 1 CJielyeT

Puc 13

2012/ Neo2

Puc. 14

JleiicTBuTesibHO, TIycThb J3 — IIEHTP TpeThell BHEBIMCAHHOIL
okpy:kHocTu Tpeyrosbuuka ABC. Torma touku A, B u C —
OCHOBaHUsA BbICOT Tpeyroibhuka JiJoJ3 (Tak Kak yrosa mMexmy
BHYTpEHHei 1 BHeNIHell 6uccekTpucamu yria npsamoii). Cuaeno-
Bare/IbHO, OKPYKHOCTb, OIMCaHHask OKOJI0 TpeyroJibinka ABC,
SIBJISIETCSI OKPY?KHOCTBIO JIEBATH TOYeK Tpeyroabuuka JiJoJ5, a
3HAYMT, OHA MPOXO/UT YEPe3 CepeMHbI CTOPOH TPEYroJbHUKa
JiJ»J3 . Tak kak paccrosguusg or cepejuHbl ctopoubl JiJy 110
ocHoBanunii BeicoT B u C oamHaxkoBbl, Toyka N coBHajaer ¢
cepeaunoin JiJ, .

2) Ilycrb M — cepeanna orpeska BC, torga touku M u N
COOTBETCTBYIOT JAPYT JAPYTY B 110400HbIX TpeyroJibuukax IBC u
1]iJ,.

HeiicrBurenbho, £JBJ, = £Ji,CJ, =90° (yrubi Mexay BHYT-
pEeHHUMHU ¥ BHeIIHUMHU Guccektpucamu). Crie10BaTe/IbHO, TOUYKH
B u C gnexar Ha OKpy)XHOCTH ¢ auamerpoM J,J,, 3Hauwmr,
ZBCJ, = £ZBJ,J; . Torpa ykasamnubie TPeyroJbHUKH TTOA0OHDI
(1o aByM yraam), a touku M 1 N — cepeinHbl COOTBETCTBYIOIIX
CTOPOH 3THX TPEYTOJIbHUKOB.

3) PaccMOTpuM OKPYKHOCTD 7 , TIPOXO/SIILYIO Yepe3 ToUKH A,
Iy u I, . Ilycrb ¥ Bropuuno nepecekaetr BI u CI B Toukax P,
n P, coorBerctBenno. /lokaxkem, uto PP, — amamerp aToii
OKPY’KHOCTH.

J/leificTBUTEIBHO,

AIIHIZ = 4!1P21r2 — ZJFIAIZ — %ZBAC .

C apyroii croponnt, ZBIP, = ZIBC + ZICB = 90° — % £ZBAC =
=90° - ZI}P I, . Cnenosarenbuo, ZPIPy = ZPI,P, =90° | t.e.

PP, — nnamerp OKpPY>KHOCTH Y .
4) Tak xak PI, L BJ, u J\B 1 BJ,, ro Bl || J,B, Torna
11, IB

P IJ, : TG TOURHR Iy n P, cooTBeTCTBYIOT APYr APYry B
d t

noo6HbIX Tpeyroabankax IBC u 1J,/J, . Ananornutno, Toukn I,
n P, — taxxe coorBercTByiomue. Takum obpazom, ZP NP, =
= ZI;MI, =90° , a 3HauuT, T04Ka N JIEKUT Ha OKPYKHOCTH Y,
4YTO U TPeOOBAJIOCH /I0KA3aTh.

Sa,ﬂa'm AJA CAaMOCTOATCJIbHOIO pEIICHHA

1. Onucanublii MHOTOYTOJIBHUK NTPOU3BOJIbHBIM 06pa3oM pa3but
Ha TpeyroJibHUKN. /lokakure, 4YTO CyMMa PaJilyCoB OKPY>KHOCTEIl,
BIIMCAHHBIX B 3TU TPEYTrOJIbHUKH, GOJIbllle pajinyca OKPY>KHOCTH,
BIIMCAHHOH B MHOTOYTOJIbHHK.

2. Ilyctp BM — meamnana tpeyrosibunka ABC. B tpeyroiabHuKH
ABM n CBM Bnucanbl OKpysKHOCTH paamycoB 7 1 R (r < R).

R
Jlokaxkure, uto — < 2.
¥

3. B npsamoyroJsibHOM TpeyrosibHHKe ¢ Kateramu 5 u 12 nposejiena
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Me/MaHa K TUIIoTeHY3e U B 06pa3oBaBIInecs TPeyroJbHIUKH BIIMCAHDI
okpyskHocTH. Haiijiure paccrosinne Mesk/ly TOYKaMu KacaHUsi 3THX
OKPY>KHOCTEe € TUIOTEHY30i.

4. B TpeyroJsibHHKe CO CTOPOHAMHU 3 M O M YIJIoM 120° MeXy HUMHU
npoBejieHa OGUCCEKTpHCA K TpeTbell CTOpoHe M B 06pa3oBaBUIMECs
TPEYTroJIbHUKH BIHCAaHbl OKPY)kHOCTUH. Haiiure paccrosnue Mexkiy
TOYKAMU KacaHWsl 9TUX OKPYIKHOCTEH ¢ GUCCeKTPHCOIl.

9. B npsaMoyrosbHOM TpeyrosibHUKe ¢ KateToM 1 U mpoTuBoJiesxa-
muM yriom 30° 1nposejieHa BbICOTa K IUIIOTEHY3e U B 00pa3oBaBIln-
ecsl TPeyroJIbHHKM BIHMCaHbl OKpyskHOcTH. Haiianre paccrosinue
MEXIY IEeHTPaMH 3THX OKPYKHOCTEH.

6. B ipsiMOyro/IbHOM TPeyTroJIbHIKE MTPOBE/IeHA BBICOTA K THIIOTE-
Hy3e u B 00pa3oBaBIINecss TPEYTrOJbHUKU BIMCAHBI OKPYKHOCTH,
paccTosinue MeK/1y IleHTpaMu KOTOpbIX paBHo d. Haiigure paanyc
OKPY>KHOCTH, BIIMCAHHOI B JIJaHHbIH TPEYrOJbHUK.

7. B npamoyroabprnoM Tpeyroabunke ABC niposesiena Bbicota CD
K runorenyse AB. [lokaxurte, uto n+#n +r=CD ,tne n, r, ur —
pajInyCchl OKPY’KHOCTE, BNUcaHHbIX B TpeyrosbHukn ACD, BCD n
ABC cooTBeTCTBEHHO.

8. B rpeyronmbuuke ABC mnposenena Bbicota CD, nexamias
BHYTPU TpeyroJbHUKa, 1, © W ¥ pajinychbl OKPY’KHOCTEI,
BrucaHHbiX B TpeyrosabHukn ACD, BCD n ABC coOTBeTCTBEHHO.
Ilokasure, 4t0 r* <7 + 7 TOr/A M TOJIBKO TOTAQ, Korja yroa ACB
— TYIIOH.

9. /loxkaxure, 4TO CYMMBI JUINH CKPEIINBAIOMINXCS pedep TeTpa-
9/ipa paBHBI TOT/Ia M TOJDBKO TOT/a, Korjaa cymectByeT cdepa,
Kacaiomasicst Bcex ero peGep. (Takoii TeTpasjip Ha3bIBAIOT KAPKAC-
HbIM.)

10. Ha cropone AB tpeyronbunka ABC ormedena touka D. [lus
TpeyrosibinkoB ADC u BDC paccMarpuBaloTcsi BHEBIUCAHHbIE

okpy:HocTH, Kacatoimecs cropod AC u BC coorsetcrBenHo. Ilycthb
P u Q — TouKku KacaHus 3TUX OKpPYy:KHOCTel ¢ npamoit DC.

a) Haiigure PQ, eciu BC = a, AC = b, AD = x, BD = y.

6) Paccmorpute yacThble ciydan (aHasoruvnbie pazoOpaHHbIM B
cBoiicTe 3).

11 (JI.Emenpsinos). Ha cropone BC tpeyrossanka ABC BbiOpana
Touka [ Tak, 4TO PaBHbI PaJMYCbl OKPYKHOCTEil, BIUCAHHBIX B
tpeyroiibHiukn ABD n ACD. [lokaxurte, 4TO paBHbI Pa/UyCbl
BHEBIIMCAHHBIX OKPYXKHOCTEIl 3TUX TPEYroJIbHUKOB, Kacaroluxcs
cropon AD w CD cooTBeTCTBEHHO.
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MATEMATUYECKUMN KPYJXOK

OpoObLAMK MO
MyLIKam!

A.[MOJISHCKUU

ATON CTATBE MbI, ITOJIB3YACH JABYMH IIPOCTBIMU 1

9JIeTAaHTHBIMU (DaKTaMK, PENIUM JIB€ JOCTATOYHO CJIOJKHBIE
3aj1aun. Bosuukaer cutyaius, o6paTHas oCJOBUIIE «U3 MYIIEK
110 BOPOGBSIM», I03TOMY Mbl U Ha3BaJsi cTaTbio « BopoObsiMu 110
nymikam!» Bce manbHeiiinme paccykaeHus Harpsamyio OyayT
CBSA3aHbl C PACIOJIOKEHUEM TOYEK Ha KapTHUHKE, [T03TOMY aBTOP
HajieeTcst, 4To J0OPOCOBECTHBII YUTATE/b [POBEPUT BCE <«B
o0IIeM ciydae.

Bravaste BBesieM HeckosibKO o6o3Hauenwmii. [lycTp 3aman He-
paBHoOeapennbiii Tpeyronbunk ABC (AB < BC), Ha ero ctopo-
HaxX AB n BC Bui6panbl Toukn Cy n A; cOOTBETCTBEHHO, TOUKa
B, — cepennna gyru ABC onmcaHHO OKPY>KHOCTH @ TPEYTO.JIb-
nuka ABC, touka I — 1EHTP OKPY’KHOCTH, BIIMCAHHOI B Tpe-
yroabHuk ABC, Touka M — cepeauna croponbl AC. PaBeHcTBO
BiA = B|C cunrtaeM OYEBHJIHBIM.

A Bot u Hamm akTbi-«BOPOOHU».

Dakr 1. Pasencmseo AC, = CA, ewvinoansemcs mozoa u
moavko mozda, xozoa mouku Ay, Cy, By, B aexam na oonoi
OKPYKHOCU.

MoxaszareabctBo. Ilycts AC, = CA, (puc. 1). Torga tpe-
yroabuukn ACyB; u CAyB; pasubl, nockoibky AC, = CA,,

ABy =CB,, ZBAB, = ZBCB; (xak jBa yrja, OMUPAIONNXCs
Ha OJAHY WM Ty e ayry BB;). V3 paBeHcTBa TPeyroJbHUKOB
1noJryyaem

ZCOB1AO — ZCOB]A + ZABIAO =
= 4AB1A0 + 4A081C = 4AB1C — AABC :

A nocsejHee 03Ha4aeT, 4YTO
touku Ay, Cy, By, B nexar
Ha OJHOI OKPYKHOCTH () .
B o6paTHyio cTopoHy yTBEp-
JKJeHUe Terepb CTAaHOBUTCS
OYEBH/IHDIM.

®Maxkt 2. Oxpyxnocmo,
ONUCANHAS OKOJIO0 MPEY20.ib-
nuxa AyBCy , npoxodum ue-
pe3 I mozda u moavko moe-
da, xozda AC, + CA, = AC .

[Moxa3zareabctBo. Ilyctb
touku Ay, B, Cy, I nexar
Ha OJHOH OKPYXHOCTH pyr 7
(puc.2). O6Gosnauum uyepes
Co, Ay, By ToukM KacaHUs BIUCAHHOI OKPYKHOCTH CO CTOPO-
namu AB, BC, CA coorserctBenno. Ecianm toukn Ay, u G,
COBIIQJIAIOT C TOYKAMU KacaHWs BIMCAHHON OKpYysKHOCTH Aj 1
C{ (B Takom ciyuae yerpipexyroybunk BCJIA] — Bincanmbiii),
10 AC;+CAj = ABj + CBj = AC. Ecnu e He COBIAJaloT, U
touka Ay snexur mexay Ay u C (cayuaii, korma Ay jaexur
Mexay B u Aj, paccMaTpUBAETCSi aHAJOTHYHO), TO INPSIMOY-
rosibabie Tpeyroabankn [CyCy u TAJA, paBHBI 10 KaTery u
yray: ICy = TA; u £IAyB =180° - ZLICyB = ZICyA (nepBoe
PAaBEHCTBO YTJIOB CJIEYET U3 TOTO, 4TO ueTbipexyroabHuk BC)IA,

A 'C



