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8.1. OKkpy:KHOCTh, BIHCAHHAA B IIPAMOYTOJbHBIN 8.1. Okpy:KHOCTh, BIOHCAHHAA B IIPAMOYTOJbHBIN
TpeyroabHUK ABC, Kacaerca katetoB AC u BC B Tou- TpeyroabHUK ABC, Kacaerca katetoB AC u BC B Tou-
Kax B; u Ay, a runmorenys3nsl — B Touke C;. IIpsamebie Kax B; u Ay, a runorenys3nsl — B Touke C;p. IIpsameie
C1A1 u C1B; uepecerkaior CA u CB cOOTBETCTBEHHO C1A1 u C1B; unepecerkaior CA u CB cOOTBETCTBEHHO
B Toukax Bg m Ay. [lokaxkure, utro ABy = BAjy. B TouKax Bg m Ay. [lokaxkure, utro ABy = BAjy.

8.2. Ilycts AH, u BH, — BwICOTHI, a AL, 1 8.2. Ilycts AH, u BH, — BwICOTHI, a AL, 1
BL, — o6uccektpucsl Tpeyroabuuka ABC. U3BecTHO, BL, — o6uccektpucsl Tpeyroabuuka ABC. U3BecTHO,
uto H,H, || L,Ly. Bepro a1, uto AC = BC? uto H,H, || L,Ly. Bepro a1, uto AC = BC?

8.3. B trpeyroapuuke ABC oTMeueHBI CepeITHbI CTO- 8.3. B tpeyroapuuke ABC oTMeueHBI CepeTHbI CTO-
poa AC u BC — 1ouku M u N cOOTBETCTBEHHO. Y TOJI por AC u BC — Touku M u N cOOTBETCTBEHHO. Y TOJI
MAN paBen 15°, a yron BAN paBen 45°. Haiinure MAN paBen 15°, a yron BAN paBen 45°. Haiinure
yroa ABM. yroa ABM.

8.4. Taua BwIpesayia M3 KJeTdyaToir Oymaru Tpe- 8.4. Taua BwIpesayia M3 KJeTdyaToir Oymaru Tpe-
YTOJIbHUK, N300pPaKE€HHBIA Ha PUCYHKe. Uepe3 HEKO- YTOJIbHUK, N300pPaKE€HHBIA Ha PUCYHKe. Uepe3 HEKO-
TOPOE BpeMs JHHUU CEeTKU y TOPOE BpeMs JHHUU CEeTKU y
BeInBesin. Cmosker Jgu TauHa 6 BeInBesin. Cmosker Ju TanHsa 6
X BOCCTAHOBUTH, HE TIIOJb- \ X BOCCTAHOBUTH, HE TIIOJb- \
3ysiCh HUKAKUMU HWHCTPYMEH- \\ 3ysCh HUKAKUMU HWHCTPYMEH- \\

TaMH, a TOJbKO meperubas 71\ . TaMH, a TOJbKO meperubas 71\ .
TpeyroJbHUK? (J[JIMHBI CTOPOH ol ——_ 7 TpeyroJbHUK? (J[JIMHBI CTOPOH o ——_ %
TpeyroJbHUKa TaHda IIOMHUT.) TpeyroJbHUKa TaHda IIOMHUT.)
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8.5. Ilan Ttpeyroasruuk c¢ yraamu 30, 70 u 80 rpa-
nycoB. PaspeXbTe ero OTpPe3KOM Ha OBa TPeyroJb-
HHKa TaK, 4TOOBI OMCCEKTpHCa OJHOTO M3 3THUX Tpe-
YIrOJBHUKOB M MeAuaHa BTOPOTO, IIPOBEIEHHLIE I3
KOHITOB pas3pesarollero OTpe3Ka, ObLIN IIapaJlielbHbI
npyr apyry. ([ocmamouro Haiimu 0o0HO peuleHue.)

8.6. [IBe okpyxkHOCTH k1 u k2 ¢ merTpamMu O u Og
KacaroTcs BHeIIHHM oOpasoM B Touke O. Tourkm X
n Y Jje:xaT Ha k1 1 ky COOTBETCTBEHHO TaK, UTO Jy-
un 01X n O3Y ogmHakoBO HampaBjaeHbl. I3 Toukum X
IpOBeIeHbl KacaTeJIbHbIEe K kB2, a U3 TOUK Y — K k1.
JlokaKuTe, YTO BTU YEThIPE IIPAMBbIe KacalTCca OJHOMI
OKPY’KHOCTHU, IPOXOAsdIIel uepes Touky O.

8.7. [IBe TOUKM OKPYKHOCTHU COEIUHUJIN JIOMaHOM,
IJINHA KOTOPOU MeHbIIle AuaMeTpa OKpysKHocTU. [[o-
Ka)KITe, UYTO CYIIEeCTBYeT AuaMeTp, He IlepeceKalo-
HIUY 3Ty JIOMaHYIO.

8.8. IIlyctes M — cepenuHa xopabl AB OKPYKHOCTU
c meaTpom O. Touka K cummerpuyHa M OTHOCUTEJb-
HO O, P — mpous3BOJIbHASA TOUYKAa OKpPYys:KHOCTH. Ilep-
MMeHAUKRYJIAP K AB B Touke A u nepueHIUKyaAap K PK
B Touke P mepecekaioTcda B Touke Q. Touka H — mpo-
exnusa P va AB. JlokaxkuTe, uTO npaMmasa @B meauT
oTpe3ok PH momoJjam.
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8.5. Ilan Ttpeyroasruuk c¢ yraamu 30, 70 u 80 rpa-
nycoB. PaspekbTe ero OoTpe3KOM Ha JBa TPEyroJb-
HHKa TaK, 4TOOBI OMCCEKTpHCa OJHOTO M3 3THUX Tpe-
YIrOJBHUKOB M MeAuaHa BTOPOTO, IIPOBEIEHHLIE I3
KOHITOB pas3pesarollero OTpe3Ka, ObLIN IIapaJiiebHbI
npyr apyry. ([ocmamouro Haiimu 0o0HO peuleHue.)

8.6. [IBe okpyxkHOCTH k1 u k2 ¢ meaTpamMu O u Og
KacaroTcs BHeIIHHM oOpasomM B Touke O. Toukm X
n Y Jje:xaT Ha k1 1 ky COOTBETCTBEHHO TaK, UTO Jy-
un 01X n O3Y ogmHakoBO HampaBjaeHbl. I3 Touku X
IPOBeIeHbl KacaTeJIbHbIEe K k2, a U3 TOUKU Y — K k1.
JlokaKuTe, YTO BTU YEThIPE NMIPAMBbIe KacalTCca OJHOMI
OKPY’KHOCTHU, IPOXOAsAIIel uepes Touky O.

8.7. [IBe TOUKM OKPYKHOCTHU COEIUHUJIN JIOMaHOM,
IJINHA KOTOPOH MeHbIIle AuaMeTpa OKpysKHocTU. I[o-
Ka)KITe, UYTO CYIIECTBYeT AuaMeTp, He IlepeceKalo-
HIUY 3Ty JIOMaHYIO.

8.8. IIlyctes M — cepenuHa xopabl AB OKpPYKHOCTU
c meaTpom O. Touka K cummerpuuHa M OTHOCUTEJb-
HO O, P — mpou3BOJIbHASA TOUYKAa OKpPYys:KHOCTH. Ilep-
MMeHAUKRYJIAP K AB B Touke A u nepueHIUKyaAap K PK
B TouKke P mepecekaioTcda B Touke Q. Touxka H — mpo-
exnusa P va AB. JlokaxkuTe, uTO npaMasa @B meauT
oTpe3ok PH momoJjam.
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9.1. Ilycte ABCD — BUUCaHHBIII YEeTHLIPEXYTOJIb-
HuK. [lokakure, utro AC > BD Toraa u TOJBKO TO-
raa, korma (AD — BC)(AB — CD) > 0.

9.2. B uerwsipéxyroabuauke ABCD yrast A u C —
npaMmblie. Ha croponax AB u CD kak Ha auamMeTpax
IIOCTPOEHEI OKPYKHOCTH, IIepeceKamIecs B TOUKax
X u Y. [lokaxxkure, uto npamada XY IPOXOAUT UYepes
cepenuny auaronaam AC.

9.3. [lan ocTphIit yroa A u Touka E BHYTpU HEro.
ITocTpoiiTe Ha cropouax yria Touku B, C Tak, 4yTo-
Obl E OblLaa IIEHTPOM OKPY:KHOCTH JIEBATH TOUEK Tpe-
yroabuuka ABC. (Mccaedosanue npogodumbsv He mpe-
oyemcs.)

9.4. Opronieurp H TpeyrombHuka ABC jeXut Ha
BIIMCAHHON B TPEYTrOJIbHUK OKPYsKHOCTH. J[lOKasKuTe,
YTO TPU OKPYIKHOCTH C IleHTpamu A, B, C, npoxons-
mue yepes3 H, nMeioT O0IIyI0 KacaTeJIbHYIO.
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9.1. Ilycte ABCD — BUUCaHHBIII YEeTHLIPEXYTOJIb-
HuK. [lokakure, utro AC > BD Toraa u TOJBKO TO-
raa, korma (AD — BC)(AB — CD) > 0.

9.2. B uerwsipéxyroabauke ABCD yrast A u C —
npamblie. Ha croponax AB u CD kak Ha auamMeTpax
IIOCTPOEHEI OKPYsKHOCTH, IIepeceKamIIecs B TOUKax
X u Y. [lokaxxkure, uto npamada XY IPOXOAUT UYepes
cepenuny auaronaamn AC.

9.3. Ilan ocTphIit yroa A u Touka E BHYyTpU HEro.
ITocTpoiiTe Ha croponax yria Touku B, C Tak, 4yTo-
Obl E OblIa IIEHTPOM OKPY:KHOCTH IEBATH TOUEK Tpe-
yroabuuka ABC. (Mccaedosanue npogodumsv He mpe-
oyemcs.)

9.4. Opronieurp H TpeyrombHuka ABC jeXut Ha
BIIMCAHHON B TPEYrOJIbHUK OKPYsKHOCTH. JlOKasKuTe,
YTO TPU OKPYIKHOCTH C IleHTpamu A, B, C, npoxons-
mue yepes3 H, uMeioT 00IyI0 KacaTeJIbHYIO.
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9.5. B trpeyroasruuxke ABC /B = 60°, O — 11eHTP ONNCAHHOM
OKpy:KHOCTH, BL — Ouccexrpuca. OuucansHas OKPYKHOCTb Tpe-
yroapHnKa BOL mepeceKkaeT ONNCAHHYIO OKPYXHOCTh TPEYIOJIb-
Huka ABC BropuuHOo B Touke D. Jlokaskure, uro BD 1 AC.

9.6. Ilycth I — 1leHTP BIMCAHHON OKPYsKHOCTH TPEYTOJIb-
Huka ABC, M u N — cepenusabl nyr ABC nu BAC omnucaHHOM
OKpysKHOCTH. JloKakmuTe, uTo Toukm M, I, N Jjexkar Ha OIHOU
MIPAMOI TOTJa M TOJbKO Torga, korga AC + BC = 3AB.

9.7. Bokpyr mpou3BOJIBHOTO
TPEYTroJIbHNKA PACIIOJIOKEHBI Je-
BATHh OKPY:KHOCTell TaK, KakK IIO0-
KasaHo Ha pucyHke. OKpPyKHO-
CTU, KacawIlluecsa OJHONM M TOU
JKe CTOPOHBI TPEYTOJIbHUKA, PaB-
HBI MeXkay cobOoii. J[lokakure,
4YTO TpU I[IpAMBIe Ha PUCYH-
Ke IepeceKalTCd B OJHOW TOU-
kKe. (IIpamble mOpoxoAAT Uepes
BePIINHLI TPEYTrOJbLHUKA M IIeH-
TPBI COOTBETCTBYIOIIIUX OKPYIK-
HOCTeH.)

9.8. BeinyKaslii (paHepHBIZ MHOTOYTOJLHUK P JeKuT Ha Je-
peBIHHOM cToJe. B cTosm MOKHO BOMBATH T'BO3OM, KOTOPLIEe He
AJOJIXKHBI IIPOXOAUTH Yepea P, HO MOTI'YT KaCcaTbCdA €ro I'paHUIIbI.
PukcupyomnuM Has3kIBaeTCcA HAOOP I'BO3Meil, He II03BOJIAIONINI
aBuraTh P 1o crosry. HaligurTe MuHMMAJJIbLHOE KOJHUYECTBO I'BO3-
Jeii, IMO3BOJIAOIIEEe 3a(pUKCHUPOBATL JIF00OW BBIMYKJILIM MHOIO-
YIOJbHUK.
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9.5. B tpeyroasuuxke ABC /B = 60°, O — 11eHTP OIUCAHHOM
OKpy:xHOCTH, BL — 0Ouccexrpuca. OuucantHas OKPYKHOCTb Tpe-
yroapHnKa BOL mepeceKaeT ONNCAHHYIO OKPYXXHOCTh TPEYIOJIb-
Huka ABC BropuuHOo B Touke D. lokaskure, uro BD 1 AC.

9.6. Ilycths I — 1leHTP BIMCAHHON OKPYsKHOCTH TPEYTOJIb-
Huka ABC, M u N — cepenusbl nyr ABC nu BAC omnucaHHOI
OKpysKHOCTH. JloKakmuTe, uTo Toukm M, I, N Jjeskar Ha OIHOU
MIPAMOI TOTJa M TOJbKO Torga, korga AC + BC = 3AB.

9.7. Bokpyr mpous3BOJIBHOTO
TPEYTroJIbHNKA PACIIOJIOKEHBI Je-
BATh OKPY:KHOCTeHl TaK, KakK IIO0-
KasaHo Ha pucyHke. OKpPyKHO-
CTU, KacaIluecs OJHONM M TOU
JK€ CTOPOHBI TPEYTOJIbHUKA, PaB-
HBI MeXKay coOoii. Jlokaskure,
4YTO TpU I[IpAMbIe Ha PUCYH-
Ke IIepeceKarTcd B OJHOW TOU-
kKe. (IIpamble mOpoxomAT uepes
BePIINHLI TPEYTrOJbHUKA M IIeH-
TPBI COOTBETCTBYIOIIIUX OKPYIK-
HOCTeH.)

9.8. BeinyKaslii (paHepHBIZ MHOTOYTOJLHUK P JeKUuT Ha Je-
peBIHHOM cToJe. B cTos MOKHO BOMBATH T'BO3OM, KOTOPLIEe He
AJOJIXKHBI IIPOXOAUTH Yepea P, HO MOTI'YT KacaTbCdA €ro I'rpaHUIIbI.
DukcupyomnuM Has3kIBaeTcAa HAOOpP I'BO3aeil, He II03BOJIAIONINI
aBuraTh P 1mo crosry. HalignrTe MuHUMAJIbLHOE KOJHUYECTBO I'BO3-
Jeii, IMO3BOJIAOIIEEe 3a(pUKCHUPOBATL JIF00OW BBIMYKJIBIM MHOIO-
YIOJBbHUK.
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10.1. BepmuHbl paBHOOEAPEHHOTO TPEYTOJbHUKA U IIEHTP ero
OIIMCAHHOM OKPYsKHOCTHU JieKaT Ha YEeTBhIPEX Pa3JUUYHBIX CTOPO-
Hax KBagparta. Haiigure yriabl TpeyroJbHUKA.

10.2. JJaHbl OKPY:KHOCTH, €€ Xopma AB m touka W — ce-
penuHa meHbIIen gyru AB. Ha Ooabiteit 1yre AB BuIOuUpaeTcs
npousBoJbHadA Touka C. KacaTenbHasa K OKPYKHOCTH M3 TOUKU
C mepeceKaeT KacaTeJbHbIe 13 TOueK A m B B Toukax X u Y
coorBeTcTBeHHO. IIpambeie WX um WY mepecekarr npsamyio AB
B Toukax N u M coorBeTcTBeHHO. [[oKaxkuTe, 4TO AJIMHA OTPE3-
Ka NM me 3aBucut oT BuiOOpa Touku C.

10.3. BepHO Ji11, YTO CYIIECTBYIOT BHIITYKJIbIe MHOTOT'DAaHHUKM
¢ JIIOOBIM KoJudyecTBOM nuaroHasneit? (Juazonanvio Ha3vieaemcs
ompe3ok, coeOuHANUUL 08e 8epULUHbL MHO202DAHHUKA U He Jle-
HAWUL HA e20 NOBePXHOCMUL.)

10.4. [lan ¢purcupoBanHbil TpeyroabHUK ABC. Ilycts D —
ITPOM3BOJIbHAS TOYKA B IIJIOCKOCTH TPEYTOJbHUKA, HE COBIIaIai0-
mad ¢ ero BeprmmmHaMu. OKPYKHOCTD C IIeHTPOM B D, IIPOXO0nas-
mas uepes3 A, mepecekaer BTopuuHo npambie AB n AC B Toukax
Ap 1 A, COOTBETCTBEHHO. AHAJIOTHYHO OIPeJeaaA0Tcs ToUuKu B,,
B., C, u C,. Toury D Ha3oBéM xopouieil, ecau TOUYKU A,, A,
B,, B., C, u C, nme:xaT Ha ogHOII OKPYsKHOCTH. CKOJBKO MOJKET
OKasaThCs TOUYEK, XOPOIINX IJS HaHHOro tpeyrojbHura ABC?
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10.1. BepmuHbl paBHOOEAPEHHOT0 TPEYTOJbHIKA U IIEHTP ero
OIIMCAHHOM OKPYsKHOCTHU JiedKaT Ha YEeTBhIPEX Pa3JIUUYHBIX CTOPO-
Hax KBagparta. Haiigure yriabl TpeyroJbHUKA.

10.2. JJaHbl OKPY:KHOCTH, €€ Xopma AB m touka W — ce-
penuna meHbIIen gyru AB. Ha Ooabiteit 1yre AB BuIOuUpaeTcs
nmpousBoJbHadA Touka C. KacaTenbHasa K OKPYKHOCTH M3 TOUKU
C mepecekaeT KacaTeJbHbIe 13 ToOueK A m B B Toukax X u Y
coorBeTcTBeHHO. IIpameie WX um WY mepecekarr npsamyio AB
B Toukax N u M coorBeTcTBeHHO. [[oKaxKkuTe, 4TO AJIMHA OTPE3-
Ka NM ue 3aBucur ot BuiOopa Touku C.

10.3. BepHO Ji11, YTO CYIIECTBYIOT BHIITYKJIbIe MHOTOT'PDAaHHUKM
¢ JIIOOBIM KoJumdyecTBOM nuaroHasneit? (Juazonanvio Ha3vieaemcs
ompe3ok, coeOuHANUUL 08e 8epULUHbL MHO202DAHHUKA U He Jle-
HAWUL HA e20 NOBePXHOCMUL.)

10.4. lan ¢purcupoBanHbId TpeyroabHUK ABC. Ilycts D —
ITPOM3BOJIbHAS TOYKA B IIJIOCKOCTH TPEYTOJbHUKA, HE COBIIaIai0-
mad ¢ ero BeprmmmHaMu. OKPYKHOCTD C IIeHTPOM B D, IIPOXO0nas-
mas uepes3 A, mepecekaet BTopuuHo npambie AB n AC B Toukax
Ap 1 A, COOTBETCTBEHHO. AHAJIOTHYHO OIpPeeaA0Tcs ToUuK B,,
B., C, u C,. Toury D Ha3oBéM xopouieil, ecau TOYKU A,, A,
B,, B., C, u C, nme:xaT Ha ogHOII OKPY:KHOCTH. CKOJIBKO MOXKET
OKasaThCs TOUYEK, XOPOIINUX IJS HaHHOro tpeyrojbHuxra ABC?
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10.5. B TpeyroyibHIUKEe IIPOBEJU BBHICOTY M3 OLHOI BEPIINHEI,
OMcceKTPUCY M3 APYroil 1 MeAuaHy U3 TPEThbEe, OTMETUJIN TOUYKHU
WX IIOMIAPHOTO IIepecedyeHnsi, a 3aTeM BCE, KPOMe 3TUX OTMeYeH-
HBIX TOYEK, CTepJii (TPU OTMEeUeHHbIe TOUKMU PA3JIUUYHBI, KPpOMe
TOTO, U3BECTHO, KaKadA SABJIAETCA UbUM IiepeceueHuem). Boccra-
HOBUTE TpeyroabHuk. (HMccredosanue nposodums He mpebyem-
cs.)

10.6. BrircanHaA OKPYKHOCTH Pa3HOCTOPOHHETO TPEYyIroJb-
nuxka ABC racaerca AB B Touke C’. OKpPY;KHOCTH C JUaMeT-
pom BC’ mepecekaeTr BOMCAHHYIO OKPYKHOCTb BTOPUYHO B TOUKE
A1, a buccekTpucy yria B BropuuHO B TOuKe As. OKPY:KHOCTH
¢ nuamerpoMm AC’ mepecexkaeT BIIMCAHHYIO OKPYXKHOCTh BTOPUY-
HO B TOouKe B;, a OuccekTpucy yria A BTOPHUUYHO B TOUKe Bs.
Hokaxxkurte, uro npambeie AB, A1B,, AsBs mepecekaoTcsa B Of-
HOU TOUKe.

10.7. [lokaskuTe, 4TO AJA JIIOOOTO TETpasapa ero caMbIil Ma-
JIEHBKWU ABYTIPaHHBIN yroj (W3 ImiecTu) He OOJIbIlIE, UYEM OBY-
IpaHHBIN yIoJ HIPaBUJIbLHOTO TETPasapa.

10.8. [1an BriucaunubIil YeThIpexXyroabHUK ABCD. BuyTpu Tpe-
yroabuuka BCD B3aam Touky L,, pacCTOAHUA OT KOTOPOH IO
CTOPOH TPEYTOJIbHUKA IIPONOPIIMOHAJIBbHEI 9TUM CTOPOHAM. AHa-
JIOTUYHO BHYTPHU TPeyroabHUKOoB ACD, ABD, ABC B34AJU TOYKU
Ly, L., u L; coorBeTcTBeHHO. OKa3ay0Ch, UTO UETHIPEXYTOJIbHUK
L,L,L.L; Bunucauusiii. [lokaxxkure, uro y ABCD ecTh nBe mapaJi-
JIeJIbHBbIE CTOPOHBI.
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10.5. B TpeyrosibHIUKe IIPOBEJU BBICOTY M3 OLHOI BEPIINHEI,
OucceKTPUCY U3 APYroil 1 MeAuaHy U3 TPEeThEe, OTMETUJIA TOUKHU
WX IIOMAPHOTO IIepecedyeHnsi, a 3aTeM BCE, KPOMe 3TUX OTMeUYeH-
HBIX TOYEK, CTepJii (TPU OTMEeUeHHbIe TOUKHU PA3JIUUYHBI, KPpOMe
TOTO, U3BECTHO, KaKadA SABJIAETCA UbUM IiepeceueHuem). Boccra-
HOBUTE TpeyroabHuk. (HMccredosanue nposodums He mpebyem-
cs.)

10.6. BrircanHaA OKPYXKHOCTH Pa3HOCTOPOHHETO TPEYyIroJb-
nuxka ABC racaerca AB B Touke C’. OKpY;KHOCTH C JUaMeT-
pom BC’ mepeceKkaeTr BOMCAHHYIO OKPYKHOCTb BTOPUYHO B TOUKE
A1, a buccekTpucy yria B BropuuHO B TOuKe As. OKPYKHOCTH
¢ nuamerpoMm AC’ mepecexkaeT BIIMCAHHYIO OKPYXKHOCTh BTOPUY-
HO B TOuKe B;, a OuccekTpucy yria A BTOPUYHO B TOUKe Bs.
Hokaxxkurte, uro npambeie AB, A1B,, AsBs mepecekamTcsa B Of-
HOU TOUKe.

10.7. [lokaskuTe, 4TO AJA JIIOOOTO TETpasapa ero caMbIil Ma-
JIEHBKWU IBYTI'PaHHBINA yroj (W3 ImrecTu) He OOJIbIlIE, UYEM OABY-
IpaHHBIN yIoJ IPaBUJbLHOTO TETPasapa.

10.8. [1an BriucanubIl YeThIpexXyroabHUK ABCD. BuyTpu Tpe-
yroaspuuka BCD B3aaum Touky L,, pacCTOAHUA OT KOTOPOH IO
CTOPOH TPEYTOJIbHUKA IIPOMOPIIMOHAJIBbHEI 9TUM CTOPOHAM. AHa-
JIOTUYHO BHYTPHU TPeyroabHUKOB ACD, ABD, ABC B3AJU TOYKU
Ly, L., u L; coorBeTcTBeHHO. OKa3ay0Ch, UTO UETHIPEXYTOJIbHUK
L,L,L.L; Buucauusiii. [lokaxxkure, uro y ABCD ecTh nBe mapaJi-
JleJIbHBbIE CTOPOHEI.
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8.1. The incircle of a right-angled triangle ABC
touches its catheti AC and BC at points B; and A;,
the hypotenuse touches the incircle at point C;. Lines
C1A1 and C1B; meet CA and CB respectively at points
By and Ay. Prove that ABy = BAy.

8.2. Let AH, and BH, be altitudes, AL, and BL,
be angle bisectors of a triangle ABC. It is known that
H,H, || LyLp. Is it necessarily true that AC = BC?

8.3. Points M and N are the midpoints of sides AC
and BC of a triangle ABC. It is known that ZMAN =
= 15° and ZBAN = 45°. Find the value of angle
ABM.

8.4. Tanya has cut out a triangle from checkered
paper as shown in the picture. The lines of
the grid have faded. Can y
Tanya restore them without 6
any instruments only folding \
the triangle (she remembers \\
the triangle sidelengths)? 1\
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8.1. The incircle of a right-angled triangle ABC
touches its catheti AC and BC at points B; and A;,
the hypotenuse touches the incircle at point C;. Lines
C1A1 and C1B; meet CA and CB respectively at points
By and Ay. Prove that ABy = BAjy.

8.2. Let AH, and BH, be altitudes, AL, and BL,
be angle bisectors of a triangle ABC. It is known that
H,H, || LyLy. Is it necessarily true that AC = BC?

8.3. Points M and N are the midpoints of sides AC
and BC of a triangle ABC. It is known that ZMAN =
= 15° and ZBAN = 45°. Find the value of angle
ABM.

8.4. Tanya has cut out a triangle from checkered
paper as shown in the picture. The lines of

the grid have faded. Can y
Tanya restore them without 6
any instruments only folding \
the triangle (she remembers \\
the triangle sidelengths)? _1\ .
O T ——__ T
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8.5. A triangle with angles of 30, 70 and 80 degrees
is given. Cut it by a straight line into two triangles
in such a way that an angle bisector in one of these
triangles and a median in the other one drawn from
two endpoints of the cutting segment are parallel to
each other. (It suffices to find one such cutting.)

8.6. Two circles k; and ks with centers O; and
O, are tangent to each other externally at point O.
Points X and Y on k; and ks respectively are such
that rays 01X and O,Y are parallel and codirectional.

Prove that two tangents from X to ks and two tangents

from Y to ki touch the same circle passing through
0.

8.7. Two points on a circle are joined by a broken
line shorter than the diameter of the circle. Prove
that there exists a diameter which does not intersect
this broken line.

8.8. Let M be the midpoint of the chord AB
of a circle centered at O. Point K is symmetric
to M with respect to O, and point P is chosen
arbitrarily on the circle. Let @ be the intersection
of the line perpendicular to AB through A and the
line perpendicular to PK through P. Let H be the
projection of P onto AB. Prove that @B bisects PH.
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8.5. A triangle with angles of 30, 70 and 80 degrees
is given. Cut it by a straight line into two triangles
in such a way that an angle bisector in one of these
triangles and a median in the other one drawn from
two endpoints of the cutting segment are parallel to
each other. (It suffices to find one such cutting.)

8.6. Two circles k; and ks with centers O; and
O, are tangent to each other externally at point O.
Points X and Y on k; and ks respectively are such
that rays 01X and O,Y are parallel and codirectional.
Prove that two tangents from X to ks and two tangents
from Y to ki touch the same circle passing through
0.

8.7. Two points on a circle are joined by a broken
line shorter than the diameter of the circle. Prove
that there exists a diameter which does not intersect
this broken line.

8.8. Let M be the midpoint of the chord AB
of a circle centered at O. Point K is symmetric
to M with respect to O, and point P is chosen
arbitrarily on the circle. Let @ be the intersection
of the line perpendicular to AB through A and the
line perpendicular to PK through P. Let H be the
projection of P onto AB. Prove that @B bisects PH.
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9.1. Let ABCD be a cyclic quadrilateral. Prove
that AC > BD if and only if
(AD — BC)(AB —CD) > 0.
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9.2. In a quadrilateral ABCD angles A and C are
right. Two circles with diameters AB and CD meet at
points X and Y. Prove that line XY passes through

the midpoint of AC.
9.3. An acute angle A and a point E inside it are

given. Construct points B, C on the sides of the angle

such that E is the center of the Euler circle of triangle

ABC.
9.4. Let H be the orthocenter of a triangle ABC.

Given that H lies on the incircle of ABC , prove that
three circles with centers A, B, C and radii AH, BH,

CH have a common tangent.
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9.2. In a quadrilateral ABCD angles A and C are
right. Two circles with diameters AB and CD meet at
points X and Y. Prove that line XY passes through

the midpoint of AC.

9.3. An acute angle A and a point E inside it are
given. Construct points B, C on the sides of the angle
such that E is the center of the Euler circle of triangle

ABC.
9.4. Let H be the orthocenter of a triangle ABC.

Given that H lies on the incircle of ABC , prove that
three circles with centers A, B, C and radii AH, BH,

CH have a common tangent.
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9.5. In triangle ABC /B = 60°, O is the circumcenter, and
L is the foot of an angle bisector of angle B. The circumcirle of
triangle BOL meets the circumcircle of ABC at point D # B.
Prove that BD 1 AC.

9.6. Let I be the incenter of triangle ABC, and M, N be the
midpoints of arcs ABC and BAC of its circumcircle. Prove that
points M, I, N are collinear if and only if AC + BC = 3AB.

9.7. Nine circles are drawn around an arbitrary triangle
as in the figure. All circles tangent to the same side of the
triangle have equal radii. Three lines are drawn, each one
connecting one of the triangle’s vertices to the center of one
of the circles touching the opposite side, as in the figure. Show
that the three lines are concurrent.

9.8. A convex polygon P lies on a flat wooden table. You are
allowed to drive some nails into the table. The nails must not
go through P, but they may touch its boundary. We say that
a set of nails blocks P if the nails make it impossible to move P
without lifting it off the table. What is the minimum number
of nails that suffices to block any convex polygon P?
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9.5. In triangle ABC /B = 60°, O is the circumcenter, and
L is the foot of an angle bisector of angle B. The circumcirle of
triangle BOL meets the circumcircle of ABC at point D # B.
Prove that BD 1 AC.

9.6. Let I be the incenter of triangle ABC, and M, N be the
midpoints of arcs ABC and BAC of its circumcircle. Prove that
points M, I, N are collinear if and only if AC + BC = 3AB.

9.7. Nine circles are drawn around an arbitrary triangle
as in the figure. All circles tangent to the same side of the
triangle have equal radii. Three lines are drawn, each one
connecting one of the triangle’s vertices to the center of one
of the circles touching the opposite side, as in the figure. Show
that the three lines are concurrent.

9.8. A convex polygon P lies on a flat wooden table. You are
allowed to drive some nails into the table. The nails must not
go through P, but they may touch its boundary. We say that
a set of nails blocks P if the nails make it impossible to move P
without lifting it off the table. What is the minimum number
of nails that suffices to block any convex polygon P?
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10.1. The vertices and the circumcenter of an iso-
sceles triangle lie on four different sides of a square.
Find the angles of this triangle.

10.2. A circle, its chord AB and the midpoint W
of the minor arc AB are given. Take an arbitrary
point C on the major arc AB. The tangent to the
circle at C meets the tangents at A and B at points X
and Y respectively. Lines WX and WY meet AB at
points N and M respectively. Prove that the length
of segment NM does not depend on point C.

10.3. Do there exist convex polyhedra with an ar-
bitrary number of diagonals (a diagonal is a segment
joining two vertices of a polyhedron and not lying on
the surface of this polyhedron)?

10.4. Let ABC be a fixed triangle in the plane.
Let D be an arbitrary point in the plane. The circle
with center D, passing through A, meets AB and AC
again at points A, and A, respectively. Points B,,
B., C, and C, are defined similarly. A point D is
called good if the points A;, A., Bs, B¢, C,, and C,
are concyclic. For a given triangle ABC, how many
good points can there be?
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10.1. The vertices and the circumcenter of an iso-
sceles triangle lie on four different sides of a square.

Find the angles of this triangle.

10.2. A circle, its chord AB and the midpoint W
of the minor arc AB are given. Take an arbitrary
point C on the major arc AB. The tangent to the
circle at C meets the tangents at A and B at points X
and Y respectively. Lines WX and WY meet AB at
points N and M respectively. Prove that the length
of segment NM does not depend on point C.

10.3. Do there exist convex polyhedra with an ar-
bitrary number of diagonals (a diagonal is a segment
joining two vertices of a polyhedron and not lying on
the surface of this polyhedron)?

10.4. Let ABC be a fixed triangle in the plane.
Let D be an arbitrary point in the plane. The circle
with center D, passing through A, meets AB and AC
again at points A, and A, respectively. Points B,,
B., C, and C, are defined similarly. A point D is
called good if the points A;, A., Bs, B¢, C,, and C,
are concyclic. For a given triangle ABC, how many
good points can there be?
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10.5. The altitude from one vertex of a triangle, the bisector
from the another one and the median from the remaining
vertex were drawn, the common points of these three lines
were marked, and after this everything was erased except three
marked points. Restore the triangle. (For every two erased
segments, it is known which of the three points was their
intersection point.)

10.6. The incircle of a non-isosceles triangle ABC touches
AB at point C’. The circle with diameter BC’ meets the
incircle and the bisector of angle B again at points A; and A,
respectively. The circle with diameter AC’ meets the incircle
and the bisector of angle A again at points B; and B
respectively. Prove that lines AB, A1B;, AsBs concur.

10.7. Prove that the smallest dihedral angle between faces
of an arbitrary tetrahedron is not greater than the dihedral
angle between faces of a regular tetrahedron.

10.8. Given is a cyclic quadrilateral ABCD. The point L,
lies in the interior of ABCD and is such that its distances
to the sides of this triangle are proportional to the lengths
of corresponding sides. The points L;, L., and L; are defined
analogously. Given that the quadrilateral L,L,L.L; is cyclic,
prove that the quadrilateral ABCD has two parallel sides.
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10.5. The altitude from one vertex of a triangle, the bisector
from the another one and the median from the remaining
vertex were drawn, the common points of these three lines
were marked, and after this everything was erased except three
marked points. Restore the triangle. (For every two erased
segments, it is known which of the three points was their
intersection point.)

10.6. The incircle of a non-isosceles triangle ABC touches
AB at point C’. The circle with diameter BC’ meets the
incircle and the bisector of angle B again at points A; and A,
respectively. The circle with diameter AC’ meets the incircle
and the bisector of angle A again at points B; and B
respectively. Prove that lines AB, A1B;, AsBs concur.

10.7. Prove that the smallest dihedral angle between faces
of an arbitrary tetrahedron is not greater than the dihedral
angle between faces of a regular tetrahedron.

10.8. Given is a cyclic quadrilateral ABCD. The point L,
lies in the interior of ABCD and is such that its distances
to the sides of this triangle are proportional to the lengths
of corresponding sides. The points L;, L., and L; are defined
analogously. Given that the quadrilateral L,L,L.L; is cyclic,
prove that the quadrilateral ABCD has two parallel sides.



