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Puc. 64

Caencreue 1. Cymmoli cxpeususarowuzes k-naockoemu u l-naocxo-
CMU ABAAEMCA NAOCKOCTID PA3MEPHOCTNU

s=k+I1+1 (7.12)

Cnencreue 2. [ara mozo, wmobv, naockocmu o u 3 nepecexanucy,
HeobTodumo u docmamouno, wmobv. cucmema sexmopos (7.11) bwwma su-
HetHo 3a6ucumotl.

Caencreue 3. Ecau Raocxocmu Me umewom obuuxr movex, Ho ume-
101 M HE3ABUCUMDLT 0OWUT HANPABACHUL, MO UT CYMMOT ABAALTCA NAOC-
KOCTN® PAIMEPHOCTRU

s=k+1+1-m, (7.13)

MMOCKOJIbKY KaXKJoe 00lee HaIlpaBj€eHHe CHEXKAaeT Pa3MepHOCTh CyMMbI HA
eIUHNILY.

Teopema. Fcau naockocmu nepecexaomea u umewm M HE3G8UCUMDBLL
obwux Hanpasaerul, MO UT NEPECEUEHUEM ABAALMCA NAOCKOCTLD DAIMED-
Hocmu m.

HeticrBurensHo, MycrTs 7y, 72, . . . , T'm — JUHENHO HE3ABUCHMBbIE BEKTOPEI
obmux mampasijeHuil. Torza mepecevueHnEM IaHHBIX MJIOCKOCTeH ABJISETCS
IIJIOCKOCTDb

X = Xo+pF1 4+ pefe + ...+ T,

e Xo— obmast TOYKa JAHHBIX IIJIOCKOCTEH.
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CaneacrBue 4. Cymmol dsyr nepecexarowuzca naockocmel a u

pasmeprocmet k u | A8AAEMCA NAOCKOCTND PASMEPHOCTIIU
s=k+1—-m, (7.14)

20e m — Pa3amepHoCTL NePeceneHUs.

Jasee, IOCKOIbKY PA3MEPHOCTE § CYMMBI MJIOCKOCTEH He BoJiblie pas-
MEPHOCTH 12 BCEI'O IMPOCTPAHCTBA, TO JJIst IEPECCKAIOLINXCS! IJIOCKOCTe

k+l-m<n, mz2k+l-n
{m — pa3MepHOCTL nepecedenus ), a AJsT HeTepeceKaloniIXes IOCKOCTelt
k+l+1-m<n

(M — 4HCI0 HE3ABHCHMBIX OBLIMX HAaIpABJIeHH]l).

OTcroz1a, B YaCTHOCTH, CJEAYET, UTO de 2unepniockocmu Aubo nepece-

KAIOMCA, AUOO CUADHO NAPasLendHdl, TaK KaK (n— 1)+ (n—1)+1-m < n,
OTKYHA ClIenyeT m 2 N — 1 % mosToMy m = n — 1 (HepaBencTso HEBO3-

MOJKHO).
st mpunmepa paceMOTpuM noapobHee ciydan B3aHMHOIO PACIIOJIOXKe-
HUS JBYX [IBYMepHBIX Iutockocreit. g nux k + [ + 1 = 5, mostomy

HEMepeceKaIoIpecs: JBYMepHbIE [JIOCKOCTH MOTYT JIESKATL He MeHee deM
B IATHMEPHOM [IPOCTPAHCTBE. EC/i ORI UMEIOT TOJBKO OAHY OBIILYIO TOYUKY
HUIH TOJIBKO OAHO 061nee Hampasiienye (Ca1afo Mapas/ie/ibHbl), TO OHH JIEXKAT
B "eThIpeXMepHOM npocTpancTie. OOpaTHO, B 4-MEPHOM NMPOCTPAHCTBE NBE
ABYMepHBIE IJIOCKOCTH Haubojee ob1Iero pacioNoskKeHns Jubo IepeceKaloT-
¢l B eJUHCTBEHHOH TOYKe, b0 cnabo napaJjiefbHbl.

Ecau npe asymepubie miockoctn aubo HMEOT JaBe 00ui@e TOUKH, JH00
[Ba OOIMX HANPABJIEHHs, TO OHU JIEXKAT B OMHOM TPEXMEPHOM MPOCTPAH-
CTBE H, CJEIOBATEILHO, OHH W/ TIE€PeceKaloTcs Mo NpSAMOH, WM CHJILHO
napasulelbHsl (T. €. HAPAJIENbHbL B OGBIMHOM CTEPEOMETPHYECKOM CMBIC/E).

O6paTuncs elle K cilydalo IpsaMoll u TpexMepHoit wiockoetn. Ecin orn
He UMeIOT HU o61Iel TOYKH, HU OBILEro HANDPABJCHHS, TO HX CYMMOM AB/Is-
eTCsl NATUMEPHOE TIPOCTPAHCTBO. B 4-MepHOM npocTpancTse ubo nMeercs
€IHHCTBCHHAs! TOYKA MePEcedeHns, b0 3Ta Opsaas IapasllelbHa HEKOTO-
POMY HAITPABJIEHHIO B THIEPIUIOCKOCTH, T. €. OHH NapaJuleabibl. Bo3MOMXKeH
ellle OAUH CJIy4ail, KOria IpAMas JeXKUT B MUIEPILIOCKOCTH.

3anmgaua. B yeroipexmMepHOM NpPOCTPAHCTBE 33JaHbl JIB€ ILJIOCKOCTI:
o —rpenst touxamu A(L, 1, —1,0), 41(2,—1,0,1), A3(0,~1,1,0) u 3-— Tpe-
mst roykamu: B(1,2,1,2), By(1,3,-1,0), B2(1,-1,2,1). Onpenenuts ux
B3aMMHOE PAacHoJIOXKeHHe, a TakyKe paclojioxkenue npsMolt BB oTHOCH-
TeNLHO INIOCKOCTH .

Pemenne Hafifem HanpaBasiomue BeKTOpLl (6a3UC) IIOCKOCTH

p=A4; =(1,-2,1,1), po=AdAs = (—1,-2,2.0)
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Il HATTPABJISIONIE BEKTOPHI TWIOCKOCTH /3
@i =BBy =(0,1,-2,-2), $2=BBy=(0,-3,1,~1)
I 3amMiIeM IapaMeTpHUYeCKUe yPaBHEeHHs 9THX ILIOCKOCTell:

X=A+tp)+tapr = (L+1t1 —to, 1~ 2t; ~ 2, =1+ 11 + 282, 1).

Y = B-’r—)\l(ﬁ + Ao = (1,24 X1 — 3A2, 1 =221 + X2,2 -2 - A2).
Umem obuine Touky miockocrelt. IIpnpasiubast coOTBETCTBEHHbIE KOO~
HaTh! BeKTOpoB X m Y, MmojiydaeM cHCTeMy:

ty —ty =0,

=21 — 2t =14+ ;1 — 3\,

b+ 2ty = 2~ 2 + Mg,

tl 22—2/\1—)\2.
Yckmouns U3 Hee, HAIPHUMED, to W Ay, IPUXOIUM K IBYM IIPOTHBOPEUATIHM
OpYT ApYTY ypaBHeHUsM t1 + A; = 1 u t; + Ay = —1. Crnexosatensno,
CHCTEMA HeCOBMECTHA, M ILIOCKOCTH obmux ToueK He umewT. CorjacHo
CIeIaHHOMY BLINIE 3aKJIIOUEHMIO, OHH HMEIOT HaIpaBJIeHHs NapaJlielbHo-

cri. YTobLl MX ONpemeNuTb, HaliAeM BEKTOp 7, NPHHAIIEXHKAIIHH obemn
IIJIOCKOCTSIM:

T =t101 + t2P2 = A1 + A2G2.

VI3 s70r0 paBeHCTBa IOJLy49aeM OJHOPOIHYIO JIHHEIHYIO CHCTEMY, COOTBET-
CTBYIOILYIO IIpeIbIayIuei:

t) —ta = 0,

— 2ty — 2ty = Ay ~ 3 g,

t + 2ty = =21 + g,

1 = =271 — g,
Omna uMeeT HeHyJieBoe petenue t; = ta = —A; = Ao, OlpeesAIoulee BEKTOP
7= t(P1 + P2) = t1(0,—4,3,1), xoropslit npu mobox ¢, # 0 onpegensieT
€JIMHCTBEHHOE HAIPABJIEHHE NAPAJUIETbHOCTH.

Ilpamvas BBy uaeeT HANPABISOLIT BEKTOD §1, He IapaJsliebnblil BeK-
TOPY 7 U HO3TOMY OHA CKPEWUBAEMCA € INIOCKOCTIO .

§51. Esxaudoso sexmopHoe npocmpancmaeo

51.1. CxaJapHoe NPOU3BEINEHNE BEKTOPOB. Yo MeXAY BeK-

TOpamMu. CraaapHum  npoussederuem @b BexTOPOB @&(a1,a2,--..,Gn)
u b(by,bs, ..., by) HA3BIBAETCH HUC/IO
@b = a1by + agbs + ... + anby. (7.15)
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Ilo sroii doprysie JIETKO NIPOBEPUTD, YTO CKaJspHOE IPOU3BeJeHNe BeK-
TOPOB KOMMYTATHBHO, acCOIMATABHO OTHOCHTEJNLHO yMHOMKEHHUsl BEKTOpa
Ha 9IHCJIO U JUCTPUOYTUBHO OTHOCHTEIBHO CYMMBI BEKTODOB, IIOCKOJBKY
9TUMH CBOHcTBaMu OGJIIAI0T OHEPAINN Hal, JAeiiCTBUTEALEBINY YUCIAMH.

Ecmun 7= (z1,22,...,Zn), TO

Fr=r =zt +as+...+12 >0 (7.16)

Modysem |F| sexmopa T Ha3bIBaETCSH TMCTIO

|7 = Vi? = \J22 + a3 + ... + 22, (7.17)

BekropHoe mpocTpancTeo V" Ha3bIBaeTCH e€6%AUJ08BIM 6EKTMOPHDLM TLPO-
CMPAHCMBOM, €CIH B HEM 3aJaHa Olepalys CKAJSPHOTO YMHOMKEHHS BEK-
TOPOB.

Jnst 1106BIX IBYX BEKTOPOB 3TOTO MPOCTPAHCTBA 6BINOAMAETNCA HEPQ-
sencmeo Kowu—bBynaxoscxozo:

(ab)? < a*b?. (7.18)

HokasaTeanncTBo. B cumry (7.16) (@ — th)? > 0 npu Jobon t,
MM

a® — 2(abyt + b*t > 0.

KBagpaTHblil TpexusieH HeOTPHUIATENEH TOTAA M TOJLKO TOTJA, KOTAA €ro

JIUCKPUMHHAHT Henosoxurenen: (@b)? — a?b? < 0, uro cosmamaer c (7.18).

OueBmzHO, PABEHCTBO MMEET MECTO JIHIb B CJIy4ae, KOra @ = tb, T.e. Koraa
BEKTOpPH! @ U b KonnumeapHb!.

U3 nepasencrsa (7.18) caenyer, aTo

ab

1< -2

|a][b]

<L O

YroMm Mex /1y BekTopaMu @ b HazbiBaeTcs 1ucio ¢ € [0, 7], Takoe uTO
ab
|allbl

51.2. OpToroHajgbHas cHUCTeMa BEeKTOPOB. /[IBa BeKTOpa Ha3biBa-
IOTCSI OPMO20HAADHBIMY, €CTH UX CKAJISIPHOE NMPOM3BEEHHE PABHO HYJIIO.
Ha ocHoBanum omnpenenennst sekropnl & (7.3) monapHo OpPTOrOHAJIbLHBI
u |€1] = 1. Bexropnblii 6a3uC €; HAIBIBAETCS OPNOHOPMUPOSAHHBIM BASUCOM
€BKJINAOBA pocTpaHcTsa V™.

Cucmema sexmopog @i, ds,...,0;, HABLIBAETCA OPMO2OHAABHOL, €CJIH
3TH BEKTOPBI HEHYJIEBbIE U ONAPHO OPTOrOHAJIBHEI.

Teopema. OpmozoHAAbHAA CUCTEMA BEKTNODOE AUHETHO HEZAGUCUMA.

cosp = (7.19)
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B camom gere, myctb A@1 4+ A2@2 + ... + Ap@m = 0 1 d;a; = 0 opu

j # 1. YMHOXKHM 9TO PaBEHCTBO CKAJIIPHO Ha BEKTOD &;:
A1 (Elﬁi) + /\2(526—1,—1') +...+ )\,‘52 + ...+ (ﬁm(ii) = (),

OTKYHa )\1-6? = 0. Tak kax a # 0,10 A = 0umpn i = 1,2,...,m
CnenoBaTenbHO, BEKTODHI G; JUHEHHO HE3aBHCHMBI.

Caeacraue. OpmozoHaibHasA cucmema 6exmopos npocmpaucmea V"
codepotcum He boaee . 8EKMOPOS.

Teopema. Jas dannozo sexmopa 71 € V™ cywecmeyrom eexmopol
72,73,...,Tn, 0OPA3YOULUE C BEKTNOPOM '] OPTNOZOHAABHYIO CUCTIEMY.

HdokazaTtennbcrso. Wmeem Gasuc (7.3) mpocrparcrea V™. Hc-
KOMBI#l BEKTOD HIIEM B IpeICTaBJISHHU ero JuHelHoi KOMGHHauneIZ To =
= & + z71. CorsiacHo 3aaHHOMY YCIIOBUIO 7172 = T1€2 + T2 = 0, oTKyZAa

T1€ €2 1 e
z=——. Torma 7 = eg~——r1 3aremM mueM 73 = o + P72+ €3, 4To0bLI
’I"
1 T1
7173 = 0 u 773 = 0, T.e. 4robL1 OF2 + 7183 =0 u ,87"2 + Toe3 = 0, oTKyIa
T1€3 T2€2 _ T1€3 _ T2
o=— ng= — 2 MO3TOMY T3 = ST . —1“2 + é3. Ilponomxas
Ty 2 Lt T2
3TOT IPOIECC, IOCTPOUM MCKOMYIO CHUCTEMY 71,732, ..., n BEKTOPOB, TO€E
— - —1 _n — F2En - Tn— e'_ —
Tn =8y — —5T1— 7'2—...—~_2—7‘n_1. O

L. 73 Th-1
OuncaHHBIA NPOLECC TOCTPOEHUSI OPTOTOHAJILHON CHCTEMBI BEKTOPOB
HA3LIBAETCH NPOUECCOM OPTMOZOHAAUIAYUUU.
51.3. OpToroHajnbHbIe MOANPOCTPaHCTBAa. [loampocTpancrea Vi*
u V" BEKTOPHOIO €BKJINIOBA NIPOCTPAHCTBA V™ HA3BIBAIOTCA 63QUMHO 0p-
TNOZOMAADHBLMU, ECITH KAXKABIA BEKTOP OTHOI'C U3 HUX OPTOrOHAJEH KAXKI0-
MY BEKTOPY APYyToro:

VilVe < (VaeV, u VbeV, ab=0).

Ecan npu 3TOM cyMMa 3THX TOANPOCTPAHCTB €CTh BCE MPOCTpancTBo V™, a
NepecedenreM SBJISIETC TOJMBLKO HYJIEBOM BEKTOP, TO MOMIPOCTPAHCTBA Vi
u V5 HasBIBAIOTCA 0PMO20HAAbHO JONOAHAOWUMY APYT Apyra. CymMa ux
pa3MepHOCTEl paBHA Nn.

Teopema. FEcau Vi u Vo — 83aumno donoansrougue nodnpocmpancmean
gexmoproeo npocmpancmea V™ u F — npous3sosvHutil 6eKmop npocmpan-
cmea V™, mo cywecmsyiom eduncmeennvie sexkmopv. @ € Vi u b € Vi
maxue, 4mo

F=a+b.
HdokxasarenscTso. Ilycts & -—6asuc upocrpaHcTsa V™,
€1,€s,...,Er—0bazuc V4, a €xt1,...,6en — ba3uc Vo. Torna
= (r181 + 2282+ ...+ T€r) + (Tht1€kt1 + ... + Tn€n) =@+ b.
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Ocrajoce A0Ka3aTh, YTO 3TO Pas/IOXKeHHe eAMHCTBEHHO. [Ipemnosoxin,
GrOF =aA+b=a;+bina #T1,d,8, € Vi,b,b, € Vo. Tornad—a; = by—b—
HeHYJeBOHl BekToOp, HpuHagiexamuit Vi u Vo, T.e. Vi u Vo He sBasiorcs
B3aMMHO JOIOJHSIOLMMA. EJUHCTBEHHOCTE PA3/I0KEHU JOKA3aHa. [
Omnpepnenenne. [pencrasnenue 7 = @ + b HasBIBaeTCS Pa3II0XKEHICM
BEKTOpa T 10 HOZIPOCTPAHCTBaM Vi U Vo, a BEKTOD @ HA3LIBAETCS OPIMO20-
HAALHOU cocmasaarowet sexmopa * B NOANPOCTpaHCTBe V] u 06o3nadaercs
@ = C(7). Moxynp BeKTOpa @ HA3BIBACTCS OPMOZONGALHOT NPOEKUUET
BEKTOpa T Ha AANHOE MOAUPOCTpacTBo. OHY OmpelensoTes OAHO3HAYTHO.

§ 52. Fexaudoso n-meproe npocmparcmeo E™

B addunnon npocrpancree A™ BeemeM METPHKY 3aJaHHEM B HEM CKa-
JISIPHOTO [IPOM3BEJEHHsi BEKTOPOB. Torma oHo GyZer onepaiiioHHo Goratue.
TlonmyuenHOe reoMeTpHYECKOE NPOCTPAHCTBO AABHO HU3BECTHO U3 INKOABLHOM
reoMerpun. OHO Ha3bBaeTCs eskaudogum npocmpancmeom E™. Ero Tak-
JKe MOXKHO IIOJIyYHTb H3 BEKTOPHOTO €BKJIHIOBA NMPOCTPAHCTBA BBEACHUEM!
B HeM To4eK. CTPYKTYpY BCeX PacCMOTPEHHbLIX BBILIE HPOCTPAHCTB H 3aBH-
CHMOCTH MEXIy HUMIE MOXKHO HPEACTABHUTD CJeIYIOeN cxenoil.

CrpykTypa reoMeTpU4ecKuX IPOCTPAHCTB

TeomeTpuueckue
Anrebpanueckue onepaiyu
06BEKTBI
Hazsaune
MIPOCTPAHCTBA CJIOXKEHHNE BEKTOPOB
PocTp POB, CKAIAPHOE
TOYKH | BEKTODPbI | YMHOXEHHE BEKTODa
YMHOXKeHHe
Ha YMCIIo
BexropHoe - + + -
npocTpancrso V"
Addunnoe + + + -
npoctpascTeo A"
BexTopHoe - + + +
eBKJIMI0BO
npocTpaHcTeo V"
Eskmunoso + + + -+
npocrpaHcTeo E™
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52.1. Jlnuna oTpeaka. ¥ pasuenne (n — 1)-mepHoti cpepnr. Ec-
JI B €BKIMAOBOM IpOCTpaHcTBe E™ 3aaHa OPTOHOPMUPOBAHHAS CHCTEMA
KOOpAMHAT, To 1o dopmyman (7.7) u (7.17) cpasy DOIYINM KOOPIUMHATHYIO
hOpMyYTy JJIMHBL OTPE3KA:

AB = /(a1 = 01)? + (ag — b2)? + ... + (an — b,)2. (7.20)
Qukcupyem Touxky A, a Touxky B Gynes cuHTarh nepemeHHoll, obo3na-
4UB €e KOOPAMHATHI L1, T2, . . ., Ly, TOTAA (GOPMYIa (7.8) mpuBoauT K ypas-

Henuio (n—1)-MepHOi cdepr! eBKINIOBA IpocTpancTBa £ Kak MHOKECTBa

BCEX €ro TOUeK, YIAJeHHbIX OT JaHHOI Toukn A Ha 3agaHHoe paccrosinne R:
2 2 2 2

(al—a:l) +(CL2—JJ2) +...+(an~$n) = R”. (721)

OHa ABIAETCS NOGEPLHOCTNGIO SMOPOE0 NOPAIKA.
52.2. KoopaunatHoe 3amauue k-MepHoit miockoctu. Ilycrs
B N-MEPHOM €BKJIMJOBOM IPOCTpaHCcTBE E” 3ajaHa MUNEPIVIOCKOCTDL Napa-

MmerpuaeckunM ypasHenneM (7.8) {(k = n — 1) n BekTop & = (U1, Uz, ..., Un)
elf opToronanen (Hopmaavnwili 6ekMOpP zunepnaockocmu), T.e. 4P, = 0
(1 = 1,2,...,n — 1}). ¥Yuuoxus ypasHenue {7.8) ckanapHo Ha BexTOp 7,

TIOJTY 1IN uX = A, HIH B KOODIHHATHOH hopMe:
UT) + U2 + .. F UpTp = U, (7.22)

rge v =a1x1 +ax2+ ... +ap,Ty.

Wrax, eunepnaockocms npocmparcmea E™ 3adaemes odnum aunetinoim
YPABHEHUEM C 1 NEPEMEHHBMU, KOIPHUUUEHMAMU NPU KOMOPHLT CAYHCAM
KOOPAUHGTISE HOPMAALHOE0 6EXMOPA 3TN0 2UNEPNAOCKOCTIU.

JIBe rUTepIIoCKOCTH TOTO IPOCTPAHCTBA [epeceKatoTest 1o (1 — 2)-mioc-
KOCTH, TaxX Kak (n — 1) + (n — 1) ~ n = n — 2. Torna k-nnockocts MOXKHO
IPeACTaBUTDh Kax Nepecedenye n — k IHIepIUIoCKoCTel, T. e. 3a4aTh cucme-
MOT N — k AUHETIHOLT YPABHEHUT C U NEPEMEHHDIMU.

52.3. Yroa Mexxay npsiMoii u k-muiockocrbio. Obeyaun Bompoc 06
onpeAeAeHAH yIVIa MeX Iy mpsnMolt u k-mumockocTsio. Iyt M — Hanpasis-
IOIIMil BEKTOP JAHHOH IPsIMOit M U k-IIIOCKOCTH ¢ UMeeT apaMeTPUYecKoe
ypasuenne (7.8). Iycrs §-—(n — k)-ILIOCKOCTD, ABIAIOWASACH €€ OPTOro-
HaJIbHBIM JomonHenmeM B npoctpancree E". Corsiaceo Teopeme m.51.3
BEKTOP 1T MOYKHO €JAMHCTBEHHBIM 06pPA30M Pa3/I0MKUTH [0 HAIIPABAAIOMIHM
BEKTOPHBIM MOANIPOCTPAHCTBAM JAHHBIX IJIOCKocTel o 1 5

m=a+b aca bcpB a=C(m).

[IycTs 7 -- HAIPABJISIOMIMH BEKTOp NPOU3BOJIBHOM Hpsmou TLJIOCKOCTH (.
i =2
O6o3uaqIM (m a=¢ (m7n=¢ (Fa=y 0<%y <3 . Ha ocuoBanuu

MpEeICTABICHNS BEKTODA M UMeeM M = a T + b7. Tak KaK 10 MOCTPOEHUIO
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B LaubcC B robf=0umnodromy m¥ = ar. B cuny (7.19) mmeenm:
|77} cos ¢ = |@| cosy, oTkyma
lal
COS Y = ~— Ccos 7.
Y ] €57

Ecnu BekTOp 17T He OPTOroHaJjIeH IJIOCKOCTH (v, TO M3 MIPSMOYTOJLHOLO
TpeyroJIbHUKA @ = coSy U cosy = cosecosy. [Tockoneky 0 < cosy < 1,
TO COSY < COS @ M, 3HAUUT, ¢ > ©.

JloKazaHo, YTO ecau NPAMAR M HE NEPREHOUKYAAPHE TAOCKOCTRU &) O
Yy2on @ mexncdy Imotl NPamoli u ee opPmozoHaAbHOT npoexyueti Ha naoC-
KOCMD O eCTd HOUMEHBWUT U3 8CET BOZMONCHBIL Y2408 |, 00PA308AHHBIT
amoll NPAmMOT m € NPAMBMU Naockocmy . On no onpedeaenuto npunuma-
eMeA 34 Y204 MEHCOY NPAMOT M U NAOCKOCTILIO . B ciyuae, korga m L «,
roJiaraeM I10 ONPEJIEICHUIO (p =

3

52.4. O6 yrnax mexnay r%nocxocrmmn. PacemoTpum yroisr mexk-
IOy BEKTOpaMH K-IJIOCKOCTH H [-TLJIOCKOCTH €BKJIMAOBA IIpocTpaHcTBa E™.
Kaxknoe u3 MHOXKECTB 3THX BEKTODOB 3aMKHYTO. YTOJI MEXIY BEKTOpPaMU
STHUX IJIOCKOCTEll siBasiercst GhyHKIMeN (CKaJIsSpHBIM IPOU3BEJEHUEM) 3THX
BEKTODOB, ONIpelIeIeHHOMN Ha 3aMKHYTOM MHOXKECTBE, U II09TOMY NIPHHMMAET,
Ha 9TOM MHOXKeCTBe 003 CBOH SKCTPEMAJILHBIE 3HAYEHHS — MUHAMAJLHOE
U MaKcuMajbHoe. 3ji0KeHHNe BONpOCA O UX HAXOXKICHUM B HACTOSIIEH
KHHre cyrybo 2JIEMEHTAPHOTO XapaKTepa He HPeNCTABISeTCS BO3MOXKHBIM.
ITosToMy TpUXOOUTCS OTPAHUYUTBLCS PACCMOTPEHHMEM YACTHOTO CJIydas —
YIVIOB MEXIY [BYMsI JBYMEDPHBIMH ILIOCKOCTSIMH B UYETBIPEXMEDHOM HpO-
CTpaHCTBe. 3aMeTHM OZHAKO, YTO UpH kK > 2 KpPOMe MAaKCUMAJLHOTO H
MHHHAMAJILHOTO 3HAYEHUN YIVIOB CYIHECTBYIOT ellle k — 2 3Havenuii, Haxo-
OAMAXCA MEXAY HUMH. Bce OHM HA3BIBAIOTCA CMAUUOHAPHBIMU Y2AAMU
MEeXAY Kk-IIJIOCKOCTSIMH.

IIycts 1Be IPOM3BOJIBHBIE JBYMEDHEIE INIOCKOCTH ¢ U 3 YE€ThIPEXMEPHO-
ro IPOCTPAHCTBA IIEPECEKAIOTCSI B eUHCTBEHHOH Touke O, n O A — HeKoTo-
pad npsamas mIockocTH ¢, OB — nekoropas npsMas miockoctu S (puc. 65).
Ocrpniit yron AOB neobxoOuMo IO/KEH UMEeTh MHHHMAJLHOE HeHyJeBoe
3naveHne(abCoIOTHBI MEHAMYM ), OCKOJIBbKY IJIOCKOCTH, KpoMe TodkHu O,

o

Opyrux obiux Touek He uMeioT. [lycrs AOB = ¢ o ecTh 3TOT a6COMIOTHBIH
MuauMyM. Torga mo CBOMCTBY yrila MeXJy ILUTOCKOCTSIMH B CMBICE CTe-
peomerpud (TpexmepHOH reomerpun) miockocts AOB nepneHIuKyIapHA
obenm miockoctaM o u (. HalzenHas mumockocTh NPUBOAUT KO BTOPOM
tockoct A1OB) ¢ TakuM XKe csoiicrBoM. B camom gene, nyers OA; —
nepneHaukynap K npsimoit OA, mexaumit B mwiockocru «. Torga mpamas
O A, unepnenmuxkyasipua K miaockoct AOB u, 3uagnut, x npamoit OB. Ana-
noru4Ho, eci BO By — npamoit yrou B mockoctu 3, o OB; L OA. Takum
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Puc. 65

obpasom, Kaxzaasd u3 gByx npambix OA u OB nepneniuky/aspHa KasKIoH
u3 npambix OA; u OB; u nostomy k muockoctn A;OBj, T.e. IVIOCKOCTb
A10B; TakXe CTEPEOMETPHYECKH NEPIEeHAMKY/IApHA ILUIOCKOCTAM « u (.

Hoxkasano, yto ecan yriusl AOB = ¢ n A;OB; = 1 He paBHBI, TO
APYTHX IJIOCKOCTEH, KPOME JBYX HaliJeHHBIX, C aHAJIOTHYHBIMU CBOMCTBaMK
HE cyluecTByer. B cilydae paBeHCTBa ¢ = 1 IIIOCKOCTH & ¥ [ BOTIPEKH Ipen-
[OJIOXKEHNIO NEPECeKaauch Obl 10 NpPAMOl, T.e. neXXanu Obl B TPEXMEPHOM
IPOCTPaHCTBE.

ViTak, 06e npou3sosvHbie 06YMEPHDIE NAOCKOCTNU HEMBPELMEPHO20 TLPO-
CMPancmes obpasyiom 8 MmovKe UT NEPECEUEHUA 068G OCTADUL Y2Aa, AEHCO-
wWuT 6 06YT NAOCKOCINAL, KOTNOPHIE CTNEPEOMEMPULECKY NEPREHOUKYAADPHYL
dpye dpyey.

Ecmu oba 3T yria npsMbie, TO MIOCKOCTH ¢ ¥ 3 OPTOTOHAJIBHO JOMOJ-
HAIOT Apyr Apyra (kaXkpasi NpsiMasi OJHOM IVIOCKOCTH IEepIeHINKYJApHA
KaskI0ol npaMolf Apyroi II0CKOCTH).

ViMmeercst ypaBHeHMe IJIf BbIYMCJIEHHA Tapbl YIVIOB MEXKIY IIOCKOCTH-
Mu ¢ 1 8. Eciiu 3TH miocKocTH 3a0aHb! YPaBHEHUSIMU!

x =0, I1 = ax3 + bxy,
u
o0 =0 Ty = cZ3 + dzy,
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TO UCKOMBIE YTJIbl HAXOMSTCH U3 YDABHEHHS:

tgt o — (a? + b2+ 2 +d®)tg? o + (ad — be)? = 0. (7.23)
(Schoute P. H. Mehrdeminsionale Geometrie, 1. Leipzig, Géschen, 1802.
S.175)

52.5. PaccTrosiHue OoT TOYKM OO0 MMIEPIIIOCKOCTH. MUHHMAJILHBIM
PACCTOSTHUEM OT TOYKHU [0 K-IJIOCKOCTH SBJISETCA PACCTOSHME OT JaHHOM
TOYKM J0 OCHOBAHHMs MEepHEHIHKYspa, OMyIEHHOTO I3 Hee HA K-TI0CKOCTD.
Haiinem paccrosiane or Touxn M (my,ma, ..., my) A0 IHNEPILIOCKOCTH 7,
3aManHOIl ypasHeHueM (7.22) B OpTOHOPMUPOBAHHBIX KOODIHHATAX.

[TapasmeTpuyecKue ypaBHEHNs NEPIEeHANKYISAPa, ONyIENnHOro U3 TOY-
KU M, Ha HIIEPILIOCKOCTD 7y, UMEIOT BHI:

T, =m; +uid, 1=1,2,...,n (7.24)
OcnoBanue 3TOr0 MepHeHANKyIApa COOTBETCTRYET 3HAUCHHIO [TapanMeTpa t,
JUISL KOTOPOTO HOPMAJIbHBIH BEKTOp U = (U1, u2,...,U,) TUIEPILIOCKOCTH

YAOBJ€ETBOPsieT ypasHenmio (7.22):
ur(ma + urt) + ua(mao + ugt) + ... + un(Mp + unt) = v,
OTKY A
v—(uimq +uzmz + ...+ Upmn)
uf +ud -+ +ud '
Ha ocnosanuu dbopmynsl (7.18) nckomoe paccrosimne h ot Touku M 1o
CUIEPIIOCKOCTH 7y PABHO:

n
W= (mi~m)? =i +u+.. +ul) =
i=1

t =

_ (wami 4 uama + ..+ Unmn — v)?
- wdud 4 4 ul ’
B = ]u1m1+uzm2+...+unmn~vl.

Vi +ui+. o+l

(7.25)

§ 53. Bapuyenmpuneckue xoopounamas, movukuy
aPunH020 NPOCMPAHCMEA OTNHOCUMEALHO
N-MEPHO20 CUMNAEKCE

53.1. Ounpegesienne. OGpaTHMCE K BEKTOPHO-IAPAMETPHUECKOMY
ypasrenuo (7.8) k-mepHo#t minockoctu npocrpanctsa A", Ilpu k = n ono
BBIpasKaeT BeKTOp X Hpou3BOIbLHON TOUKH X ITOrO OPOCTPAHCTBA Uepe3
NUHENHO HE3ABMCHMbIE BEKTOPBI D; U BEKTOp A (pUKCHPOBAHHOH TOUKY A,
T. €. IpeJicTaBIsieT cobolt ypasrenue acezo appunrozo npocmpancemea A™.
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3aaaIAM B IPOCTPAHCTBE n-MepHbil cumiieke (S) = AjAq... App
KaK COBOKYTHOCTEL 72 + 1 TO4yek A;, He MeKauux B OLHON THIEPNIOCKOCTH.
Bekropst A,414; ero peGep mumeiino nesasucumbl. Coryacuo (7.8) mpu
A= A4, mneern
App1 X = /\IAn+1A1 -+ )\zAn_f_lAQ + ...+ /\nAn—HAn- (726)
pn mobonm navane O BEKTOPOB 3TO PABEHCTBO YKBHBAJICHTHO TAKOMY:
X - An+] = A[(-"ll - An+1) + )\2(/4-2 . An+1) +...+ )\n(An - A71+1);

HJIn

XZ/\1211+/\2A2+...+>\”A”+(1——/\1——>\2—...-)\n);1n+1.

Honoxum 1 — Ay — Ay~ ... — Ap = Apy1. Torma ana moboit Toukn X 6yayt
BBITIOJIHATHCS] PABEHCTBA:

X =MA1+ XA+ ...+ A4, +/\n+lgn+l7’
MFXA+ ..+ A =1

HE3aBHUCUMO OT BbIOOpa Havasia O BEKTOPOB.

Yucna A; B cuiy (7.26) ONpenesioTcs ONHO3HAYHO AJIs1 JaHHOIl TOdY-
ku X ¥ faHHOrO cHMIIEKca (S).

Onpenenenne. Ecan umeorT Mecto cooTHomenus (7.27), To yucia A
HA3BLIBAIOTCS HAPUYEHMPUECKUMY KOOPOUHAMAMU TOUKU X OMHOCUMEAD-
no cumnaexca (S).

Beneacrsue (7.26) Bce Aj, KPOME Apt1, ABASIOTCHA afPunnsmy Koopou-
namamu TOYKU X OTHOCHTEJNbHO adyDUHHON CHCTEMBI KOODIMHAT C Hada-
JOM Ay 1 Ga3UCHBIMU BeKTOpaMHl & = Anp14;,1=1,2,...,n.

B uacTrocTH, 4714 BepmuEbl Ay KoopauHatel A, = lu A; =0 npn i # .
Popryna (1.39) paccrosgiust MeXXIy TOUKAMH COXPAHSET CBOH IPpeXKHuit
BHI

(7.27)

n
AB® =~ " (yi — @)y — z)aly, i<, (7.28)
i,j=1
rae a;; = |A;A;j|. JoKa3aTeNbCTBO aHAIOTHYHO.

53.2. CuMijIeKC KaK reoMerpuyeckoe Tejio. He npuberast Kk cTpo-
THM OTIPEeJeIeHHsIN, OTMETHM, YTO N-MepHbill cummjieke A; Az ... Apyy Kak
COBOKYITHOCTB 1 + 1 TOYEK, He JIeXKAIMX B OAHOM rUIepnnockoctu addun-
HOTO MPOCTPAHCTBA, HE UMEET GHYMPERHOCINY, T. €. He ABJAeTCH I'€OMEeTDH-
yecKHM TeI0M. Ecii xe K pasederBaM (7.27) 10noJHUTENbHO TOTPebOBATD,
4TO0BLI 3HAYCHUE BCEX KOOPAMHAT A; yaoBjeTBOpso yeiaosuio 0 < Ay < 1,
To Todku X OyAyT BHYTPEHHUMH WM YK€ PAHNYHLIME TOYKaMU CHMILIEKCa
A1Agq... Ay, O6patHo, 47151 KaskKJI0#l BHyTpeHHedl WM Xe TpaHu4noi
TOYKH CHMILIEKCA CYINECTBYET ONpeJIeJICHHBIN HAb0p ee GapHIIEHTPUIECKHX
KoOopauHaT, Takux 4ro Bce 0 < A; < 1.
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MNuaye roopst, cumnaexc A1Ag... A, ABAAEMCA 2EOMETMPUNECKUM
mesom mozda u Moavko mozda, koeda bapuuenmpueckue KoopIUHAMbL A,
€20 movex X Heompuyamesvts, u He boaviiue eQuHUYbL.

§ 54. Ilenmpoud cumnaerca u yenmpoudv €20 2pared

54.1. Ienrpous cucreMspl TOUeK. ['paHsMH Pa3/IHYHBIX PA3MEPHO-
creit k (rme k < n) n-mepuoro cumiutexca (S) = AjA; ... Apt1 ABIASIOT-
¢ k-mepHble cuMiiexchbl. [Ipu aToM cayuan & = 0 u & = 1 He HCKMIOYAIOTCS
H3 DPACCMOTPEHHS: HYJIbMEPHbIE CHMIUIEKCH — CYTh TOYKM A; — BEPIIHHBI
JaHHOTO CHMIUIEKCa, OQHOMEPHBIe — OTpe3kn A; A; (pebpa).

Byuem paccmarpusarh Touku A; € A" BHE 3aBUCHMOCTH OT Pa3MEPHO-
CTH TPOCTpaHcTBa Wik k-tiockoct. C 11e7b10 ODIHOCTH OOKA3BIBAEMBIX
HIDKE YTBEDXKIEHUI ONpeneuM NOHATHE IEHTPOUAA COBOKYIHOCTH TOYEK.

Onpenenenne. Llenmpoudom cucmemd. 7N IPOU3BOJIBHBIX TOYEK
A1, As, As, ..., A, nasbiBaeTcs Touka G, onpejliefsieMass BEKTOPOM

G = %(Al 4 Ao+ .. +An) (7.29)

IIpY POM3BOJILHOM BLIDOpE Ha4aIa BEKTOPOB.

Koneuno, nesTpon JasHHOM CHCTEMBI TOYEK HE JOJDKEH 3aBUCETH OT
BeIGOpa Hauasa BeKTOPOB. JlokaxkeM, 4To 310 meficTBuTeabHO Tak. [Ipenno-
JIOJKMM, 4TO IpH Boibope Hadana B Touke O Boipaxkenue (7.29) ompenesnsier
HEKOTOPYI TOUKy (G, a npu BhIfOpe HAaYasa B TOUKe (J 3TO BHIPAYKEHUE
ompenensier apyryro rouky Gy. Toraa momywuam:

n

=2 Z Z<001 +OA) =

i=1

3

~-n001 + = 201/1 00, +0:G, = 0G..
i=1
Cnenmosatensho, Toukd G u G COBIIAIAOT.

54.2. 3aBMCUMOCTb LIEHTPOUIOB MOACUCTEM C LIEHTPOKUAOM JaH-
HOI CHUCTeMBbI TOYEK BHIPAXKAETCs CAENyIOIeH TeopeMoi.

TeopeMma. Ecau dana cucmema n NPou3eoALHHT MOueK, Mo 6Ce OMpes-
KU, Kaocobill us xomopux coedunaem yenmpoud Gy cosoxynnocmu aobux k
U3 IMUT MOUEK C YeHMPoudom Gy, _k COBOKYNHOCTU OCTNAALHBL TOYEK, Tie-
pecexatomes 6 yenmpoude G darnoll cucmemst U JeAAMCA UM 6 OMHOWEHUL
A= (n—k):k (npu Puxcuposannom k.)

Jle#cTBUTENBHO, €CN B3STh, HAIIPUMED, TOUKH Aj, As,...Ar U TOYKH
Akt1, Akt2, ..., An, TO

_ 1 - - - _ 1 - - -
Gk = E(Al + Ao+ ...+ Ak), Gnok= m(Ak+l + Aksa2 + ...+ 4n).
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n—k
Paznenum orpesox GiG,_; B OTHOIEHHA A = ———

k
C—;k“‘)\én—-k‘
A=
1,- = - n—k 1 - - -
_E(A1+A2+~~-+Ak)+ % 'm(Ak+1+Ak+2+...+An)_—
1+n—k
k

=%(/‘11+Az+...+ﬁk+ﬁk+1+Ak+2+...+21n)=G.

CrenoBaTelIbHO, JeJslast TOYKa COBNAAET € LUEHTPOUIOM JAHHOH CHCTe-
Mbel Touyek. O4eBHAHO, STOT 3Ke PEe3yJIbTAT MOJy4MM, B3sB JOOBE Opyrue
rpyuns! U3 k u 7 — k JaHHBIX TOYEK.

B uacrhnocru, npu n = 3, £ = 1 nosgydaeMm cBOMCTBO MeIuaH Tpe-
yrospHuka, npu n = 4, k = 1--cBoiicTBO MenuaH TeTPa3ldApa, a IpHu
n = 4, k = 2— ceoticrBo 6umennan rerpasapa. Ilpx kK = 1 npuMenuTeIbHO
K T-MepHOMY CHMILIEKCY MMeeM OGOOIIeHHYIO TeopeMy O MeayaHax:
6CE OMPEIKY, KAHCOUTL U3 KOMOPHT COCTUHALT BEPUIUHY CUMNIAEKCE C YEH-
MPoOudoMm NPOMUBOLENHCOUWET €T 2UNeP2pany, NePecexaomea 6 yenmpoude
dannozo cumnaexca u deaames um 6 omnowenuu (n — 1) 1 1, cuuman om
sepuwiurdi. [Ipu PUKCUPOBAHHOM 3HadeHW#n K 2> 2 aHAJGTHIHOE CBOHCTBO
HOJIyqaeM JJisi OTPE3KOB, KaXKAbIA U3 KOTOPBIX COEAMHAET IEHTPOHAB! OBYX
NPOTHBONIONOXKHbLIX TpaHell CUMILIEKCa.

54.3. llearpoun cucremn! uesTpongos. Haeer Mecto 6oitee obmas
Teopema.

Teopema. Ecau dana cucmema n npouzsosvHuL movex, Mo yenmpoud
cucmembt Yenmpoudos K aoc 0ol T M Mmouex cosnadaem ¢ yewmpoudom
0anHOt CUCTREMDL.

JokasaTeunbcTso O4eBUAHO, YHCIO BCEX LEHTPOHIOB PaBHO
C. [losToMy BEKTOD G, BX cHCTEMBI UMEET BBIDAsKEHUE:

=~ 1 /1,« | = < 1, <
Gm:EE(F{(Al+A2+“'+Am)+E(A"‘m+l+“'+A"))'

Tak xak B obmell cyMMe KaxKabill BeKTOp A; COTEpIKUTCS C;":ll pa3, To

ym—1

~ C - - .
G = 2L (A + Ag + ...+ An) =

mCy
_ {n=DImn-m)! 5 - T\
T (m= 1)!(n—m)!n!m(A1 tAat. .+ An) =
1, - _ - ~
= ;(Al +Ac+...+ A, =G,
YeM U 33KAHYMBAETCS NOKA3ATEJIbCTBO. a
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Has cuvmnexca (S) 3Ta Teopema o3navaeT, yTO UeHNMPOud CUCTEMD
ueHmpoudos 8cex €20 epaneti oMol PA3MEPHOCTRU cosnadaem ¢ YeHMmpou-
dom cumnaexca.

§ 55. Iapaanesenunedv

55.1. ITonymiockocTu wu rmnapasuienernvnensl. Ecnu B ypasue-
uun (7.8) k-MepHOM INIOCKOCTH O HOMY .13 MAPaMeTpOB t; NPHIABATH
TOJILKO HEOTPHUIATeIbHBIE 3HAYEHHS 1) 2 0, & 0CTAJBHBIN HapaMeTpaM t;
{7 # |) — mpouzBoJIbHBIE NEHCTBITENbHbIE 3HAUCHUA, TO Mbl ITOJY4HM A-TIO0-
JIYIIJIOCKOCTB, OrpaHidennyo (k — 1)-110CcKoCThIO

X :/—1+t1]3] +topa+ ...+ PR, ti Fi. (730)

Ecnu B ypaBuenun (7.8) BceM mapaMerpas f; NPHIABATL TOJILKO
sHaverust 0 € ¢; < 1, To sTuM ypaBHenuweM Oymer onpedeaamuves k-na-
passesenuned, BEPILMHEL KOTOPOTO 3aJaI0TCs1 BEKTOPAMH:

A, A1 =A+p, Ar=A+p, An=A+pi+p, ...,
A v =A+ P+ + ...+ Pk

B wacTHOCTH, 2-Hapajulefienuilefibl HA3LIBAIOTCA  NAPIAAEAOZDAMMAMU
(puc. 66).

A12

Puc. 66

VYeaosumest ofo3HavaTh k-napajuiesienunes; ¢ yKa3aHIbIMY BepUIIMHA-
Mu k-napasnenenmneaor AAjAs ... Ais. . Ha puc. 67 uzobpaxen 3-ma-
paJLnenenunen AA1A2A3A12A13A23A123.

Aia3

® A1z

Ay




Puc. 68

55.2. T'panu napannenenunena. [lpujasaa B ypasHeHuu (7.8) 3Ha-
gernsa 0 < ¢; € 1 Bcen mapameTpam t; Ipu ¢ # [, a napaseTpy ¢ 3HaueHUs
t = 0w & = 1, mp1 moayuus (k — 1)-mapanitesenuiessl, sSIBJISIOIITe-
ca epanamu k-napammenenunena. I'pann atinx (k — 1)-nmapasienenunenos
nazbiBalorcst (k — 2)-rpansmu k-napasenenunena. I'panu stux (k — 2)-ma-
paJulesenunenos HaspBaoTcd (k — 3)-rpausMn k-napasenenuneia, u T. I.
Takun obpazoM, k-napasienenunes objafaeT m-TpaHaMy, rae m upobe-
raer 3Ha4eHus ot 0 g0 k — 1; O-rpanu coOBNAJAIOT ¢ BepUIMHAMH, 1-TpaHH
HazbiBaoTcd pebpamu (mpu k = 2 — croponamu). Ha puc. 68 uzobpakensi
BepliMHL U pebpa 4-napannenenuneda AAi;As... Aizzs. Kax Bugno us
puc. 68, ou nmeer 16 BepmuH, 32 pebpa, 24 2-rpanu 1 8 3-rpamei.

Hoacunraen wucao NX m-rpaneit k-napannerenunena. Yncro N§ ero
BEpIINH, O4eBHAHO, paBHo 28, a uucno (k — 1)-rpanelt pasno 2k. JokaxxeM
METOIOM TIOJHOH MaTeMaTHdYeCKoR MHIYKIHM, 4TO wucao m-zpanel k-na-
pasiesenuneda paeHo

Nk = ok-mcm, (7.31)

B camon gene, doputyna (7.31) cnipaBemyupa Jiis k = 2, Tax Kak

N2=22C0=2% Ni=2C;=2-2

Ipeanonoxxus, 94TO OHa CupaBeAaasa s (k — 1)-apasienennnenos, T. e.
HMEIOT MecTO (hOpMyJIbL:

k—1 _ 9gk-m~-1,m k—1 __ gk—mym—1
NJ 74 =2 City, N ;=2 Ciy
Torzia Ha OCHOBAHHH M3BECTHOM GOPMYIb s coueTaHul
m __ pm m—1
Cry' = City + G5
MBI [10JIy4aeM, YTO
NE =2.9k-m=l.cm | 4 ok-meml = ok-mop.
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55.3. IIpamoyronwuetii k-napannenenunen u k-ky6. Eciu sce
BEKTOPH! P1,P2, . .-, Pk k-TIapasiieienunela HONAPHO OPTOTOHAJbLHBI, TO OH
Ha3bIBAETCA NPAMOY20AbHIM. ECTH K TOMY Ke JJIMHBI 9THX BEKTOPOB PaB-
HBI, TO IPSAMOYTO/IbHBIN k-TIapaJiesienume]] Ha3piBaercs k-kybom.

§ 56. Opmozonanvhas NPoeKyUs MoKy
u 8eKMopa Ha k-naockocmo

IIpsimasi Ha3bIBaeTcs nepnenduxyrsproll k-naockocmu, ecid OHa 1ep-
MEeHIUKYAAPHa KasXIo# mpsaMoil 3Toit maockocrd. st 9Toro Heobxoamno
B AOCTATOYHO, 4TOOB] HANPABJISIIOMIAI BEKTOP JaHHON UpsMOil 611 OpTOro-
HaJieH k nuHelino HE3aBHCHMBIM BEKTOPAM 3TOH IJIOCKOCTH.

Ecin Touka P He IpuHAIJIEXKUT 38JaHHON k-TLJIOCKOCTH ¥, TO B ILTOCKO-
CTH 7y CyIIECTByeT €IMHCTBeHHast Touka H Takasi, 4ro npsamasi PH nepnen-
JUKYIsipHA TUIOCKOCTH v. Touka H Ha3pIBaeTcs opmozonasvholi npoexyuet
TOoYKN P Ha IocKocTs y. Ecim Touka P OpuHALIEXKHT <y, TO OHa II0
OIPEJIeJIGHUIO CYNTAETCH CBOEH OPTOroHa/ibHON NpoeKnueit Ha .

JokaxkeM cyIecTBOBAHME M €JUHCTBEHHOCTL pacCcMaTpPHBAaeMoOl ToY-
ku H. Ilycte k-miIOCKOCTb ¥ 3a10aHA TOYKOH A M JHMHEHHO He3aBHCHMBIMH
BEKTopamu Py, P2, ..., Pk. loraa

AH =7 =401 +toP2 + ... + txPk.
Tak xak PH 1 v, To PH -p; =0, wm (AH — AP) - P, = 0. Ecnu AP = p,
TO MMeeM CHUCTEMY:
_2 — - =
tpy +tepripe + ... + tkP1Pr = PP,
JE— _9 U —
tipap1 + taPa + - .. + tkD2Px = PPo, (7.32)

t1PkP1 + taPrP2 + .. + thPy = PP,

B KOTODOIt YHCIIO yPaBHeHM paBHO YHCITy HEM3BeCTHHIX t;. Ee onpenennrens

Pt Dbz ... Dbk
Py PE ... Dabk
DxDr PeD2 ... Di
Ha3bIBaeTCA onpedeaumenem ['para BEKTOPOB Py, Pa, - - -, Pi. Jna nuneiino ne-

3aBMCHMBIX BEKTOPOB OH OoTIH4eH oT Hyna. CiaejosareibHo, cucreMa (7.32)
HMeeT eINHCTBEHHOE PellleHIe, KOTOPOe U AaeT KoadduImeHTs! {; *CKOMOIo
BekTOopa AH 1, 35a4¥T KOOPAMHATHI McKoMol nipoekumu H toukn P.
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B uacTHOCTH, €ClH BEKTOPBI P; MOMAPHO OPTOrOHAJIBHBI, TO

ti=z-):€—i, Xﬁ:%ﬁl—FP—g—%ﬁz-}--.-—F%ﬁk-
P; p1 12 Dk

OpTroronanpHas OPOEKIMs BEKTOPA P HA BEKTOD T HA3BLIBAETCS OPMO20-
HaavHoT (CKAJIAPHON) npoekyueti 9Mo20 6eXMOPa HA NAOCKOCTILD .

Tonyuennoe pemenne mo3BoJAeT Hajin paccrosinue |PH| or toukn P
A0 k-T17I0CKOCTH 7.

Hpumep 1. Hadmu 0asuny 1 0CHOBAHUE NEPNEHOUKYAADE, ONYULEHHO20
us mouxu M(5,1,0,8) na naockocmd, NPoTOdAUYIO “EPES MPU TOWKL:
A(1,2,3,4), B(2,3,4,5), C(2,2,3,7). Koopdunamv: opmonopmuposarnvie.

Pemenue. [lus pemenns 3agauu miuockocts ABC npoexmuit 6ynem
CYMTATDH 33JAHHON TOYKOH A M HAIIPABJSIONIMU BEKTOPAMM

pr=AB=(1,1,1,1) u p,=AC=(1,0,0,3).
Toraa cucrema (7.32) nmeer Bux:
4ty + 4to = 4,
4t + 10ty = 16, p= AM = (4,—-1,-3,4),
oTkyaa t; = —1, tz = 2. Ilosromy
AH = _ﬁl + 21_52 = (17 _'17 —17 5)
u H(2,1,2,9), |[MH|=+V14.

Ilpumep 2. Buiuucaumd K00pduHamv, 0pmozoHAALYHOU NPOEXYUL TNON-

xu M(2,—1,3,1) na naockocms
Ty + Ty + 23— 24+ 1=0,
201+ 20 — 223+ x4 +2=0.

Pemenne 3anaua ananoruyHa npeabiaylinedl, HO CYIMECTBEHHO OT-
IU4YAeTCs 33JaHUEM TLTOCKOCTH IPOEKIMiA IIepecedeHneM IBYX THIIEPILIoc-
KOCTeHt 4eThIPEeXMEPHOI0 €BKJINI0BA IPOCTPAHCTBA M YACTHBIM CIIydaeM MX
B38HMHOTO PACIIONIOXKEHNS: OHM OPTOTOHAJIBHEI, TAK KaK OPTOTOHAJIBHBI HX
HOPMAJILHBLIE BEKTODHI, IPHU 9TOM JaHHas Touyka M NpHHANJIERKHT BTOPOH
TUIEPIUIOCKOCTH. DTH ABe 0CODEHHOCTH CYIIECTBEHHO YIPOIIAIOT pellleHue:
HCKOMasl IPOEKIUS SIBJIAETCS! OCHOBAHHMEM IMEPNEHIUKYIAPA, OMYIIEHHOTO

n3 Touku M Ha TEpPBYO T'MNEPIUVIOCKOCTH. JTOT MEPIEHIHKYIAD HMeeT
[apaMeTPUYECKNe YPABHEHUS:

Ty =24t x2=-141t wz3=3+¢t zT4=1-1

Pemas ux coBMECTHO € YypaBHEHHEM IE€pBOIi T'HIEPIUIOCKOCTH, HaXo-

auMm t = —1. CrnegoBaTelbHO, MCKOMas IPOEKIHS HMeeT KOOPIAHUHATHI
(1,-2,2,2).
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3adavu x 2aase 7

(B ocuoBHOM 3ammvcTBOBanb! u3 «CBopiuka 3aaa4 mo reoneTpuns [/ [lox
penakuueit B. T. BasbizeBa. M.: [Tpocsemenue, 1980. Paza. 2. . 4.)

7.1. Oupenenute pa3MepHOCTH CAEAYIOMEX MHOKECTB:

1) MHOXECTBa BCEX TPEYTOJILHAKOB Ha ILIOCKOCTH, BCEX TPEYTOJLHUKOB
B IPOCTPAHCTEE,

2) MHOXECTBa BCEX TETPA3IPOB,

3) MHOXKECTBa BCeX OKDYIKHOCTeil MpoCTpaHCTBa,

4) MHOMXKECTBA BCEX OTPE3KOB JUIMHBI | Ha MJIOCKOCTIH.

7.2. Janwsl Toukn A(1,3,-1,2) u B(~1,-2,1,3). Haitoure xoopamuna-
TBI TOYEK IepeceteHus NpsMoll AB ¢ KOOpAMHATHBIMH THIEPIIOCKOCTSMI
npocrpancrsaa A4,

7.3. Janbl yeTsipe BEKTOpPA

61 = (1,2?374)7 C72: (47372al)a d3=('—1a1a3a5)7 64= (0117273)
ITokaxknTe, YTO OHU JMHENHO 3aBHCHMBI U HafiuTe MaKCHMAILHYIO [MOICH-
CTeMYy JMHEeNHO HE3aBHCHMBIX U3 HIIX. BbIpazuTe 0CTaMbHBIE BEKTODH YEPe3
BEKTOPbI 3TOH MOACUCTEMBI.

7.4. Ilokaxure, uro Toukn A(2,1,-3,4), B(0,1, -2,17),C(3, -2, -1,0),
D(2,-5,2,9) npunaaiexar ogHOM ILIOCKOCTH. _

7.5. B adpdunnom npocrpancree A® nana niockocts v = (A, d, b). Hait-
JUTe mapameTpudeckue U obIue YPaBHEHHs 3TOH IIJIOCKOCTH OTHOCHTEILHO
addunnol cucremsr koopausar (0, €;), ecin U3BECTHO, 4TO

A(27091707'—1)3 (Z=51+é2+2€3+€4+é51
b=¢; + 265 + &3 — 2&4 + 3€;5.

7.6. J1aHbl TpU HEKOJUIMHEAPHBIE TOUKU

A(1:_1747_2)a B(Oa?’v _‘4,3)) C(Q,].,O,—l)
Y €Ile TPH HEKOJUIMHEAPHBIE TOYKH
A:(0,1,-1,3), B(-6,-1,-2,-3), Ci1(—4,0,-1,0).

Haiinure koopauHaTn! TOYKY nepecevenns maockoereit ABC u A1 B, C;.
7.7. Hanet ase npsaMble AB n C'D. BoigcHuTe MX B3aHMHOE PACIION0NKE-
HHE, eciln

A(4,0,-1,2), B(0,3,2,1), C(1,-1,-1,0), D(2,-1,~4,-5).
7.8. JaHs! TPU rEHEPIIOCKOCTH IPOCTPaHcTBa A

201 + 329 —23+ 24 — 1 =0,
1 — 224+ 23 —24+3=0,
zy + 1229 — Hx3 + 524 —8=0.

l],oxamnTe, UTO UX [lepeCeYeHHEM fBJISICTCS IIJIOCKOCTD.
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7.9. OnpenennTe B3aMMHOE PACIOJIOXKEHIE WIOCKocTell ¢ u 3 B mpo-
crpancrse A%:

151=l+2t1—3t2, $1=2—)\1+)\2,

To =1+t — 2, To =4+ 2X1 — Ao,
(a) T3 =2 —ty + 2tq, (ﬁ) T3 = 3A1 + Mg,

zy =14t + 2ta, T4 =2+ A\ 42X,

Ts = 3t] —to s =1+ A1+ Ao

7.10. OnpexemiTe B3annHoe pactonaokenue mwiockocreit ABC u Ay B1CY,
ecn A(4,5,3,2), B(5,7,5,4),C(6,3,4,4); Ai(1,-2,1,-3), B1(3, -2, 3, -2),
C1(2,-4,1,-4).

7.11. ByuiuncauTe KOOPJAUHATHI OPTOTOHAJBHOI TIPOEKIHH TOHKI
M(0,-1,2,1) ua runepraockocTs 221 + 2 + 24 — 3 =0.

7.12. BoruucauTe paccrosinue or Toukn A(2,3,—1,1) no miockocTu:

1+ 22 — 23+ x4 =0,
-1+ 223+ 23— 1=0.
7.13. B OpTOHOPMHpPOBaHHOM CHCTeNMe KOOpAMHAT npocTpanctea E* 1a-
HEI YPABHEHUSs IIJIOCKOCTH:
201+ 20+ 23 -4 +5=0,
Ty + 29— 223+ 224 —1=0.
Haiirn ypaBHeHus IIOCKOCTH, BIIOHE OPTOTOHAJBHOMN K JaHHOH IIJIOCKOCTH
u comepxameit rouky P(1,—3,2,5).

7.14. Han cumniexc A,A;A3A4As B npoctpancrse E4. Brrumcnure
paccTosHue oT cepenutnl pebpa A1 As 1o newrpouna rpann AzA4As, ecnu
H3BECTHBI JJIMHEI BCeX ero pebep.

7.15. BeramcauTe paccTOSHHE MEXKAY LEHTpoHxamu rpadeit A;AzAg
n A1 AgAs cumvntexca Ay As Az Ay As, eciin H3BECTHBI JJIMHBL BCeX ero pebep.

7.16. Ilpsmast TepecekaeT THIEPIUVIOCKOCTH TrpaHell cUMINIEKca
A1A2A3A4 A5 B Toukax By, Bs, Bs, By, Bs. JokaxkuTte, uro cepeaHbl OTPE3-
koB A1 B, Ao By, A3 B3, Ay By, A5 By npuHaLIIeXKAaT OHOM MIEPHIOCKOCTH.

7.17. HaiiznTe OpTOroHaibHYH Npoekuuio Bektopa (7,—4,-1,2) na
IJIOCKOCTD

2ry + 22+ 23+ 324 =0,
3z, + 239 + 225 + x4 = 0.

7.18. Halinure miuHy amaroHaju n-yMepHoro xyba ¢ pebpon a.

7.19. HalinuTe oTHOWEHNE OPTOrOHAILHON npoeknun pedpa n-MepHOro
Kyba Ha ero AMArcHaAJb K AUArOHAMN Ky0a.

7.20. Haiiaure yros mMexxjy AMaroHaJbio 4eTHIPEXMEPHOro kyba u ero
OJTHOMEPHOI, ABYMEPHON U TPEXMEPHOI I'PaHAMH.

7.21. Hafinure yroa Mexxay IHATOHANBIO n-MePHOTO KyGa U ero k-mep-
HOH I'paHbIO.
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7.22. JIokaxkure, YTO THOEPIJIOCKOCTDL, NPOBEICHHAs 4Yepe3 KOHIBI 7
pebep n-MepHoro KyGa, BLIXOLAIIMX H3 OMHON €ro BEpPUIMHEI, neprnesau-
KyJsipHa JuaroHaym Kyba, BbIxozsuleil u3 Toi »xe sepmmunl. Haitamre
pacCTosiHEe OT BepIIUHLI Kyba o 9TOH TUIepINIOCKOCTH, €Cu AJjluHa pebpa
Kyba paBHa a.

Omeemni

7.1. 1) mecruMepHO, JEBATHMEPHO, 2) ABEHaIATUMEDHO, 3) IecTHMeD-
HO, 4) TpexMepHO.
1 5 1 1 13
7.2. (0,5,0,5), (—5,0,5,3), (5,13, -5,0).
7.3. BexTops! Gy ¥ G NUHEHHO HE3ABHCHMEL,

Ty = 3(10y ~ 38), @ = 3(4m — @),
75. 11 =24ty + 19, X2 =ty + 2y, 3 = 1 4+ 2t; + to, T4 = £, — 24y,
Ty = —1 4t + 3to;
3(21*-:152‘*1‘3*5:0,
dzy — 323~ 24 -8 =0,
1 —2x0+ x5 —1=0.

7.6.(-2,1,0,3).
7.7. CkpemuBaroTCs.
7.9. IlamockocTa a n B cxpermusaoTes.
7.1(L_EIJIOCKOCTH HE MMeIOT OOIIMX TOHEK, MMEIOT OJHO 0Dlee Halpas-
nerue AB =CB; = (1,2,2,2).
1 3
7.11. (1,—5,2, 5)
7.12. ——V‘é%
3.’1,‘1'—'5I2-CI?3—~16=0,
T3+ x4 —7=0.

7.17. (5,—5,~2, —1).

7.13.

7.18.a n.
710, L.
oo
72037 %
k
7.21. cosp = -
a
722 h= 7.
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