


















































































































































































































































































































































PHc. 64 

CJie.o;cTB:Ue 1. Cy.M.Moil cnpew,uGaww,uxc.11, k-nj/,ocnocmu u l-nj/,ocno

cmu R6J1,J1,emc.11, nJ1,ocnocm'b pa3.Mepttocmu 

s=k+l+l. (7.12) 

CJie.o;cTB:ue 2. JI,Jl,.11, mow, "'tmo6bt nJ1,oc1wcmu a u /3 nepecenaJ1,UC'b, 

tteo6xoau.MO U aocmamO"'t'H,O, "'tm06'bl CUCme.Ma 6e'ICmOp06 (7.11) 6'bl/l,a Jl,U

tteUttO 3a6UCU.MOU. 

CJie.o;cTB:ue 3. ECJl,u nJ1,0Cnocmu 'lte u.Mewm o6w,ux mo"le'IC, 'Ito u.Me

wm m tte3a6UCU.M'blX o6w,ux ttanpa6J1,ettuil, mo ux cy.M.Moil R6J1,.11,emc.11, nJl,OC

nocm'b pa3.Mepttocmu 

s = k + l + 1-m, (7.13) 

IIOCKOJihKY KaJK,Llpe o6rn;ee HarrpaBJieHIIe CHmKaeT pa3MepHOCTh cyMMhI Ha 

e,!I,llHHIIJ'. 

TeopeMa. ECJ1,u nJ1,ocnocmu nepece'!Ca10mc.11, u u.Mewm m 'lte3a6ucu.M'blX 

o6w,ux ttanpa6J1,ettuil, mo ux nepece"lettue.M R6J1,.11,emc.11, nJ1,ocnocm'b pa3.Mep

ttocmu m. 

,lJ,efi:cTBHTeJihHO, ITYCTh f"1, f"2, ... , rm - JIHHeHHO He3aBHCHMhie BeKTOphI 

o6II1HX ttanpaBJieHHH. Tor,n,a nepece'IeHHeM ,n,attHhIX IIJIOCKOCTeit 5.IBJI.si:eTca 

ITJIOCKOCTh 

r,n,e X 0 - o6II1aa TO'!Ka ,n,attHhIX ITJIOCKOCTeit. 
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CJie,D;CTBHe 4. Cy.M.Moil d6yx nepeceiw'IO~'UXCJ! n.1wcx:ocmei1 a u {3 
paa.MepHocmeil k u l .!!6.l!RemcR n.l!ocx:ocm'b pa3M,epHocmu 

s = k + l - m, (7.14) 

2iJe m - pa3.MepHocm'b nepece"leHUJ!. 
,ILa.rree, IIOCKOJibKY pa311CpHOCTb s CY1!1lbl IVIOCKOCTel! He 60Jibllie pa3-

1repHOCTII n Bcero rrpocTpaHCTBa, TO l(Jrn rrepeceKa!OI.IlJIXC51 IT.TIOCKOCTel! 

k + l - m ~ n, m ~ k + l - n 

( m - pa31repnocTb rrepececremrn), a ;1/rn nerrepeceKaIOll]IIXC5l rrJIOCKOCTel! 

k+l+l-m~n 

( m - 'IHCJIO He3aBIICHMblX o6ll]HX narrpaBJienm1). 

0Tcro,n:a, B cracTHOCTH, cJie,n:yeT, 'ITO iJBe 2unepn.l!ociwcmu .l!u6o nepece
x:a10mcR, .l!u6o cu.l!'bHO napa.J!.J!e.l!'bmt, TaK KaK ( n - 1) + ( n - 1) + 1 - m ~ n, 
OTKy,n:a CJie,nyeT m ~ n - l H II03TOMY m = n - 1 ( HepaBeHCTBO HeB03-
M0)KH0). 

,ILmi: rrpuMepa pacc1roTpn1r rro,n:po6nee cJiycrau B3a111rnoro pacrroJIO)Ke

nnB lIBYX ,n:By.r-.repHbIX llJIOCKOCTefr. ,lLJI5I IUIX k + l + 1 = 5, ll03TOMY 
nerrepeceKaIOll]necB ,n:By11epnb1e nJIOCKOCTH 11oryT Jie)KaTb ne Meuee creM 

B II5ITHMepno1r rrpOCTpaHCTBe. Ecmr OHH HMeIOT TOJibKO o,n:ny o6ll]yIO TO'IKY 

HJIH TOJibKO o,n:Ho o6ll]ee nanpaBJiemre ( cJia6o rrapaJIJieJibHbI), TO onn Jie)KaT 

B creTbipexMepnoM npocTpancTBe. 06panw, B 4-Mepnmr rrpocTpaHCTBe ,n:Be 

,n:By11epHbie nJIOCKOCTH naH6oJiee o6ll]ero pacrroJio)Kemrn Jin6o rrepeceKaIOT

CB B e,n:HHCTBeIIHOH TO'!Ke, JIH6o CJia6o rrapaJIJieJibHbl. 

EcJIH ,n:ne ,n:nyMepHbie rrJIOCKOCTn JIH6o HMeIOT ,n:ne o6ll]He TO'IKH, m160 

,n:Ba o6ll]nx HanpanJiemrn, TO oHn Jie)KaT n o,n:nmr TpexMepnmr rrpocTpaH
cTne H, CJie,n:onaTeJibHO, OHII HJIH rrepeceKaIOTC5I ITO IIp5!1IOH, IIJIII CIIJibHO 

rrapaJIJieJibHbl ( T. e. napa.rrJieJibHbl B o6bI'IHOM CTepeoMeTpncreCK01I CMbICJre). 

06paTHMC5I ell]e K cJiycraro npBMOH u TpexMepuoil: n.TIOCKOCTII. EcJin onn 

He IIMeIOT Hll o6ll]efl TO'IKII, HII o6ll]ero nanpaBJICHU5I, TO HX cy111rofl 5IBJI5I

eTC5I nBTHMepnoe npocTpaucTno. B 4-1repuoM rrpocTpaHcTne Jrn6o nMeeTC5l 

e,n:nncTnennaB TOcrKa rrepececrenn5l, Jrn6o 3Ta np5!1raB napaJIJieJibHa neKOTO

poMy narrpanJieHnro n rnnepnJIOCKOCTII, T. e. oun rrapa.rrJieJibIIbI. Bo31JO)KeH 

ell]e o,n:nn cJiy•rafl, Kor;~a np5!1Ia5I Jie)KHT n rnnepm1ocKOCTH. 

3 a ,n: a er a. B creTbipexMepnmr rrpocTpancTne :m,n:aubr ,n:ne ITJIOCKOCTII: 

a -Tpe.r-.rn TO'!Ka.r-.rn A(l, l, -1, 0), A 1 (2, -1, 0, 1), A2(0, -1, 1, 0) n {3---Tpe

.r-.rn TOcrKa1rn: B(l, 2, 1, 2), B 1 (1, 3, -1, 0), B2 (1, -1, 2, 1 ). Orrpe,n:eJIHTb HX 

B3an.r-.rnoe pacrroJio)Kenne, a TaK)Ke pacnoJIO)KCHHe rrpBMoil: BB1 oTnocn

TeJihHO ITJIOCKOCTH a. 
P e 111 e H n e. Hafl,n:eM HarrpanJIBIOll]ne neKTOpbr (6a3HC) rrJiocKOCTH a: 

P1 = AA1 = (1, -2, 1, 1), P2 = AA2 = (-1, -2, 2.0) 
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ll I-IanpaamnoII~IIe BeKTOpbl TIJIOCKOCTH (J: 

iii= BB1 = (0, 1, -2, -2), ii2 = BB2 = (0, -3, 1, -1) 

H 3arr:nrne11 napaMeTpWieCKHe ypasIIemrn 3THX IT.iIOCKOCTefI: 

X =A+ tifi1 + M52 = (1 +ti - t2, 1 -- 2t1 - 2t2, -1 +ti+ 2t2, ti). 

Y = B + >.iii1 + >.2ih = (1, 2 + >.i - 3>.2, 1 - 2>.1 + >.2, 2 - 2>.1 - ,\z). 

Hrr~e1r o6rr~ne ToqKH ITlIOCKOCTe:ll:. TipnpamnmaR cooTBeTCTBeIIHhJe Koop,'J;H

naThI BeKTOpoB X 11 Y, rroJiyc1ae11 c:ncTeMy: 

{ 

i1 - h = 0, 
-2ti - 2t2 = 1 + >.1 - 3>.2, 

ti+ 2t2 = 2 - 2>.1 + >.2, 

ti=2-2>.1->.2. 
HcKmoqnB 113 Hee, ttarrpIIMep, t2 II >.2, npIIXO,lJ,HM K ,n:ByM npoT:nBope~ra~nM 

,n:pyr ,1.1,pyry ypaatteHIHIM t 1 + ,\1 = 1 H t 1 + ,\1 = -1. CJie,n:onaTeJihHO, 

CHCTeMa HeCOBMeCTHa, II TIJIOCKOCTII o6ru;:nx TO"'-IeK He nMeIDT. CorJiacno 

c,n:eJiaIIHOMY BhIIIIe 3aKJIID'IeHlIID, OHH HMeIOT i-ranpaBJietrn.H napaJIJieJihHO

CTII. qT06b1 11x orrpe,n:eJIHTh, tta:ll:,II,e1r BeKTop r, nprrna,2:v1e)f(amun o6eHM 

IlJIOCKOCT.HM: 

r = tii51 + t2f52 = >..11J1 + >..21J2. 
H3 3TOro paBeHCTBa IlOJiyqaeM O,lJ,HOpo,n:Hyro mmefmyro CHCTe1ry, COOTBeT

CTByIOnzyIO rrpe,lJ,hl,1.J,YW:e:ll:: 

{ 

t1 - i2 = 0, 

- 2t1 - 2t2 = >..1 - 3,\2, 

t1 + 2t2 = -2,\1 + ,\z, 

tI = -2)q - >.2. 

011a nMeeT uenyJieaoe peIIIem1e t1 = t2 = ->..i = >.2, orrpe,n:eJI.HIOIII;ee BeKTop 

r= t1(i5i +i52) = ti(0,-4,3,1), KOTOphIH rrpn JI106011 ti=/= 0 orrpe,n:em1eT 
e,n:HHCTBeHHoe narrpaBJieHne rrapaJineJihHOCTH. 

Tipm.m.H BB1 mreeT narrpaBmuoru;m1 BeKTop ij1, He napannenhHhIH BeK

Topy r H II03TOMY ona cicpe~ueaemc.11, c IIlIOCKOCThIO Cl!. 

§ 51. EB'KAudoao Be1\,mOp1-we npocmpa'l-lcmeo 

51.1. CKaJI.apHoe npoH3Be,LJ.ettne BeKTopoB. YroJI Me~.n;y BeK

TopaMH. CicaA.11,p'li'bl.M npOU36eOe'liue.M ab BeKTOpOB a( al, a2' ... , an) 
n b( bi, b2, ... , bn) ua3hmaeTcR q:ucno 

ab= a1b1 + a2b2 + ... + anbn. (7.15) 
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Ilo 3TOll ¢opMyJJe JJerKO npoBepHTb, '-ITO CKaJI51pHoe npOH3Be,n;eHHe BeK

TOpOB KOl\IMyTaTHBHO, accou;HaTHBHO OTHOCHT8J1hHO Yl\IHQ)K8HH51 B8KTOpa 

Ha '-IHCJIO H ,D;HCTp:n6yTHBHO OTHOCllT8JihHO cyMMhI B8KTOpOB, IIOCKOJihKY 

3TllMll CBOllCTBaMll o6JJa,n;aIOT orrepau;llll na,n; ,n;eliCTBllT8J1bllhll\IF! '-lllCJial\rn. 

EcJill r = (x1' x2, ... 'Xn), TO 

-- -2 2 2 2 '0 rr = r = x 1 + x 2 + ... + xn:;:::; . 

MoiJyJte.M lrl 6enmopa r Ha3hIBaeTC51 'IF!CJIO 

lrl = # = J xi + x§ + ... + x~. 

(7.16) 

(7.17) 

BeKTOpnoe rrpOCTpaHCTBO vn Ha3hIBaeTC51 eB1'JtUiJ06'bl.M eenmop'li'bl.M npo

cmpattcm6o.M, ecJIJI B HeM 3a,n:aHa orrepau;FI5I cKaJI51pnoro YMHO)K8Hll51 BeK

TopoB. 

,ll;JI51 JII06bIX ,D;BYX BeKTOpOB 3TOro rrpocTpaHCTBa 6'btn0Jl'li.f!emcJt ttepa
eencmeo Komu-ByttJ1,r.-,oecno20: 

(iib) 2 ~ a2 b2. (7.18) 

,LI; o Ka 3 a Te J1 h c TB o. B CFIJIY (7.16) (ii - tb) 2 ~ 0 rrpFI JII06mr t, 
II JI II 

ii2 
- 2(iib)t + b2t ~ 0. 

KBa,n:paTHhlll TpexqJieH H80TpIIrraTeJieH Tor,n:a II TOJihKO TOr,n:a, KOr,n:a ero 

,Ll;IICKplIMJIHaHT H8IIOJ10)KIIT8JI8H: (iib) 2 - ii2b2 ~ 0, '-ITO COBIIa,n:aeT C (7.18). 
0'-leBII,Ll;HO, paBeHCTBO JIMeeT MeCTO JIJIIIIh B cJiyqae, Kor,n:a ii= tb, T. e. Kor,n;a 

B8KTOpbI ii H b KOJIJIJIHeapHhI. 

Ifa HepaBeHCTBa (7.18) cJie,n;yeT, '-ITO 

-1 ~ ab ~ 1 
"' lalJbl "' · 0 

YrJioM Me)K,n;y BeKTopaMn ii n b Ha3hIBaeTC51 '-IIICJIO <p E [O, ?T], TaKoe qTo 

ab 
cos cp = lal lb!" (7.19) 

51.2. OpTorottaJibHruI CHcTeMa BeKTopoB. ~Ba BeKTopa Ha3hrna-

IOTC51 opmozonaJt'b1i'bl.MU, eCJill IIX CKaJI5lpHoe npOH3Be,n;eHFie paBHO HYJIIO. 

Ha ocHoBamrn onpe,n:eJJeHn51 BeKTOphr e; (7.3) nonapHo opToroHaJihHhI 

II ie1 I = 1. BeKTOpHhlll 6a3IIC e; Ha3hIBaeTC51 opmottop.Mupo6a1i1i'bl.M 6a3UCO.M 
8BKJill,LJ;OBa IIpOCTpaHCTBa Vn. 

Cucme.Ma eenmopoe ii1, ii2, ... , iim Ha3hrnaeTC5l opmozottaJt'bttou, ecJJJI 

3Tll BeKTOphI neHyJieBhie II nonapno opToronaJibHhI. 

TeopeMa. Opmo20ttaJt'b'liaJt cucme.Ma eenmopoe Jtutteutto tte3aeucu.Ma. 
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B caMOM ,n;eJie, rryCTh A1 ai + .A2a2 + ... + Am am = 0 lI aiaj 
j =fa i. Y:rvIHO)KJIM 3TO paBeHCTBO CKamrpHO Ha BeKTOp ai: 

.A1(a1a;) + .A2(a2ai) + ... + >.iaT + ... + .Am(ama;) = 0, 

0 rrpn 

OTKy,n;a Aia; = 0. TaK KaK a; =fa 0, TO A; = 0 rrpll i = 1, 2, ... 'm. 
CJie,Lt;OBaTeJihHO, BeKTOpbl ai JIHHeil:HO He3aBHClIMhI. 

CJie)l;CTBHe. OpmozottaJt'btta.R cucme,,w,a 6e'/\:mopo6 npocmpattcmea vn 
coiJep;)f(;um tte 6oJtee n ee'K:mopoe. 

TeopeMa. j(Jt.R datttt020 Be'/\:mOpa r1 E vn cyw,ecmeywm ee'K:mOp'bl 

r2, r3, ... 'rn, o6paayww,ue c 6e'K:mopo.M r1 opmozottaJt'bttyw cucme.My. 

,IT, 0 K a 3 a T e JI h c T B o. lIMeeM 6a3HC (7.3) rrpOCTpaHCTBa vn. Hc

KOMhiil: BeKTOp mu;eM B rrpe,n;cTaBJieHHll ero JIHHeil:Hoil: KOM6Httaw1eil: r2 = 

= e2 + xr1. CorJiaCHO 3a,n;aHHOMY ycJIOBHIO r1r2 = r1e2 + xri = 0, OTKy,n;a 
r1e2 T _ _ f1e2 - 3 - - {3- - 6 x=-~· or,n;ar2=e2-~r1. aTeMHru:eMr3=ar1+ r2+e3,'ITO hI 

r1 r1 
r1 r3 = o H r2r3 = o, T. e. 'IT06h1 ari + r1 e3 = o H {Jr~ + r2e3 = o, oTKy,n;a 

r1ifa r2e2 _ r1e3 _ r2e2 _ _ 
a=-~ JI f3 = -~, rro3TOMY r3 = -~r1 - ~r2+e3. Ilpo,n;oJI)Ka5I 

r1 r2 r1 r2 
3TOT UpOl!eCC, IIOCTpOlIM lICKOMYIO ClICTeMy r1, f"2, ... , rn BeKTOpOB, r,n;e 

_ _ r1en _ r2en _ Tn-1en - D 
rn =en - ~r1 - ~r2 - ... - -:::2--rn-I· 

rl T2 T n-1 

OnJicaHHhiil: rrpol!ecc rrocTpoeHH5I opToroHaJihHOii CHCTeMhI BeKTOpoB 

Ha3hrnaeTc5I npov,ecco.M opmozottaJtuaav,uu. 
51.3. OpToroHaJihHbie no.n;npocTpaHCTBa. Ilo,n;npocTpattcTBa V1k 

lI V2 BeKTOpHOrO eBKJill,IJ;OBa UpOCTpaHCTBa vn Ha3hIBaIOTC5I 63aU.M'HO op

mozottaJt'b1i'bt.MU, eCJill Ka)K,IJ;blii BeKTOp 0,Lt;HOro ll3 HlIX OpToroHaJieH Ka)K,Lt;O

MY BeKTopy ,n;pyroro: 

Vi J_ V2 {=:::> ('Va E Vi lI 'Vb E V2 ab= 0). 

EcJIH npH 3TOM cyMMa 3TlIX no,n;npocTpaHCTB eCTh BCe npocTpaHCTBO vn' a 

nepece'!eHHeM 5IBJI5IeTc5I TOJihKO HyJieBoil: BeKTop, TO no,n;npocTpaHCTBa V1 
lI Vi Ha3bIBaIOTC5I opmo2ottaJt'b'HO aono.1ttt.R10W,U.MU ,n;pyr ,n;pyra. CyMMa HX 

pa3MepHOCTeii: paBHa n. 
TeopeMa. ECJtu Vi u V2 - eaau.Mtto iJonoJttt.R'IOW,Ue noiJnpocmpattcmea 

6e'K:moptto20 npocmpa?tcmea Vn U r - npOU360.!t'b1-t'blU ee-x;mop npocmpai-t

cmea vn' mo cyw,ecmeywm eouttcmeetttt'bte Be'/\:mOp'bl a E V1 u b E V2 

ma'K:ue, "tmo 

r= a+ b. 
)J, 0 K a 3 a T e JI h C T B 0. IJycTb ei - 6a3JIC IIpOCTpaHCTBa 

e1, e2, ... 'ek -6a3HC Vi, a ek+1, ... 'en - 6a3HC V2. Tor,n;a 

r = (x1e1 + x2e2 + ... + xkek) + (xk+lek+l + ... + xnen) =a+ b. 
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OcTa.i1ocb ,n;oKa3aTh, 'ITO 3TO pa3JIOMemie e,n;nHCTBeHHO. ITpe,n;rrOJIO:>Kll1L 

cITO r = a+b = 0:1 +b1 M ii~ 0:1, a, 0:1 E Vi, b, b1 E V2. Tor,n;a a:-a1 = b1 -b--
IICHYJICBOH BeKTOp, rrp1ma,n;Jie:>KailIIIH Vi H V2, T. e. Vi H V2 rre HBJ15!IOTC5l 

B3an1mo ,n;orroJIU5!IOIIIII1rn. E,n;nHCTBennocTb pa3JIOMeHH5! ,n;oKa3aJia. D 
Orrpe,n;eJieHn:e. Tlpe,n;cTaBJICHIIC r = 7i + b Ha3hIBaeTC5! pa3JIO)KCHHC1! 

BCKTopa r ITO II0,[1IIpOCTpancTBa11 V1 H V2, a BCKTOp ii Ha3bIBaeTC5! opmo20-

1ta.!l'b1tOU cocmaB.!lJl'IOW,eU Benmopa r B IIO,LIIIpOCTpaHCTBC Vi H 0603naqaeTC5l 

ii = C(r). Mo,n;yJih BeKTopa ii na3hrnacTc5! opmo201ta.!l'b1tOU npoenv,ueu 

BeKTOpa r Ha ,[lam-roe IIO,LIIIpOCTpaHCTBO. Om1 orrpe,[leJI5!IOTC5! 0,LIH03Jiacmo. 

§ 52. Ee'KAudoeo n-MepJ-we npocmpa'!-lcmeo En 

B a¢qnrnHOM npocTpancTBe An BBe,n;e11 11eTpnKy 3a,n;amie11 B ne11 cKa

JIRpnoro rrpoII3Be,neI-IH5! BeKTOpoB. Tor,na ono 6y,L1eT orrepau;11onno 6orac1e. 

TloJiyqennoe reol\IeTpII'ICCKOe npocTpaHCTBO ,[laBHO II3BeCTHO II3 ll!KOJibHOH 

reo11eTp1m. 0Ho na3hIBaeTc5! een.!luOoe'blM npocmpa1tcmeoM En. Ero TaK

)f<e 1IO)KH0 IIOJiy'IHTb II3 BeKTOpHoro eBKJIII,IJ;OBa rrpocTpancTBa BBe,[lenHel\I 

B nel\I TO'IeK. CTpyKTYPY Bcex paccllIOTpenHhIX Bbrrue rrpocTpaHCTB II 3am1-

cn110CTb 11CM):(y HHMII l\IO)KHO npe,D;CTaBHTb CJIC,LIYIOilICH cxer-rofi. 

CTpyKTypa reol\,reTpH11ecKHX npocTpaHCTB 

feoMeTpH'!CCKHe 
AJire6patt'!ecKHe orrepal\HH 

o6'heKTbl 

Ha3BaHHe 

rrpocTpaHCTBa CJIOMCHHC BCKTOpOB, 
cKam1pHoe 

TO'IKH BCKTOpbl YMHOMCHHe BeKTOpa 

Ha 'IHCJIO 
YMHOMCHHC 

BeKTOpHoe - + + -

rrpOCTpaHCTBO yn 

AcPcPHHHoe + + + -
npocTpaHCTBO An 

BeKTOpHoe - + + + 
CBKJIH,[\OBO 

rrpocTpaHCTBO if n 

EBKJIH,[\OBO + + + + 
rrpocTpaHCTBO En 
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52.1. ,l(mrna oTpe3Ka. YpaBHem1e (n - 1)-MepHoii ccl>epb1. Ec

JUI B eBKJUI,11,0BOl\1 ITpOcTpaHCTBe En 3a,n,aHa opTonopMupoBa1-rna51 cucTel\ra 

KOOp,Il,IUiaT, TO ITO ¢opMyJiaM (7. 7) lI (7 .17) cpa3y ITOJIY'Uil\l KOOp,Il,HHanryro 

¢op11yJiy ,Il,JIUHhI 0Tpe3Ka: 

(7.20) 

<l>nKcnpyel\I TO'lKY A, a TO'lKY B 6y,n,eM C'lHTaTb rrepel\reuHoii, o6o3ua

'lHB ee KOOp,Il,HHaTbI X1, X2, ... 'Xn, TOr,IJ,a ¢op11yJ1a (7.8) rrpIIBO,Il,IIT K ypaB

HeHIIJ-0 (n- l)-1repHof1 c¢epb1 eBKJIH,IJ,oBa rrpocTpaHCTBa En KaK l\IHO)K8CTBa 

Bcex ero TO'leK, YAaJieHHhIX OT ,IJ,aHHofr TO'lKH A Ha 3a,IJ,aHHoe paccTomrne R: 

(7.21) 

Otta 5!BJI5leTc5! noBepx"Hocm'b'IO Bmopoeo nop.Flo'l<:a. 
52.2. Koop.n;1rnaTHoe 3a,n;amrn k-MepHoii nJiocKOCTM. IlycTb 

B n-MepHOl\I eBKJIU,Il,OBOl\I rrpocTpaucTBe En 3a,n:atta ruITeprrnocKOCTh ITapa

MeTpwrecKHl\I ypaBHeHIIel\l (7.8) (k = n - 1) II B8KTOp ii= (u1, u2, ... ' Un) 
eii opToroHaJieH ( nop.MaJl,'b'li'blU Be11:mop 2unepnJ1,oc11:ocmu), T. e. ii p; = 0 
(i = 1, 2, ... , n - 1). Y11IHO)KIIB ypaBHemre (7.8) CKaJrnpao ua BeKTOp ii, 
IlOJIY'lHM: iiX = iiA, IIJIH B KOOp,IJ,HHaTJ-IOH ¢opl\le: 

(7 .22) 

r.n:e v = a1X1 + a2X2 + ... + anXn· 

I1TaK, 2unepn.1wc11:ocm'b npocmpa'HCm6a En 3aoaemcR oo'HU.M Jl,U'Jieu'li'bl.M 
ypaBnenue.M c n nepe.Me'li'li'bl.MU, 11:03<faj)uv,ue'Jima.Mu npu 11:omop'bix c.11.yateam 
x:oopounam'bt 'HOp.MaJl,'b'Ho20 eex:mopa :Jmou 2unepnJ1,ocx:ocmu. 

)],Be nmeprrJIOCKOCTH 3TOrO rrpOCTpaHCTBa rrepeceKaJ-OTC5! ITO ( n - 2 )-IIJIOC

KOCTH, TaK KaK (n - 1) + (n - 1) - n = n - 2. Tor,n:a k-rrJIOCKOCTh MO)KHO 

npe,n:cTaBHTh xax nepece'!enJie n - k nmeprrJIOCKOCTeii, T. e. 3a.n;aTb cucme
.Moil n - k Jl,U'Jieun'bix ypaB'lie'liuu c n nepe.Me'li'li'bl.M.U. 

52.3. YroJI Me)K.n;y np51Moii M k-nJIOCKOCThIO. 06cy,LI,n11r Bonpoc 06 

onpe,LI,eJieHHil yrJia l\;le)K,LI,Y np5.11\IOH H k-nJIOCKOCTb!-0. IlycTb iii -- HanpaBJI5!

IDIIIIIH BeKTop ,n;aHHOii np5IMOii m n k-rrJlocKocTh a u11eeT napal\reTpn'lecKoe 

ypaBneuue (7.8). IlycTh /3-- (n - k)-nJiocKoCTh, 5!BJI5!I-Olll,a5lrn ee opToro

HaJihHhil\l ,ll,OITOJIHeHUel\l B npocTpaHCTBe En. CorJiacrro Teopel\le II. 51.3 
BeKTOp iii MO:lKHO e,ll,UHCTBeHHbil\I o6pa30M pa3JIO)KHTh IIO naITpaBJUIIDIIJ;IIM 

BeKTOpHbll\l ITO,IJ,ITpOCTpaHCTBaM ,LI,aHHhIX ITJIOCKOCTefr Cl! H {3: 

iii= a+ b, a ca, b c /3, a= C(iii). 

IlycTh r -- narrpaBJI5!IOIIJ;UH BeKTOp ITPOII3BOJibHOll rrp5Il\!Oll ITJIOCKOCTH a. 

06o3Ha'IHM (rif,'a) = <p, (rif,f") = 1/J, (r,it) = "j, 0 < 'Y < ~· Ha ocnoBatIHH 

ITpe,ll,CTaBJieHH5! BeKTOpa iii HMeeM iii r = ii r + b r. TaK KaK ITO ITOCTpOeIUIJ-0 
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(3 J_ a: ll b c (3, TO br = 0 ll II03TOMY mr = ar. B CllJIY (7.19) llMeeM: 

lml cos'l/J = lal cos,,, oTKy,n;a 

!al 
cos'lf = lml cos,,. 

EcJill BeKTOp m He OpToroHaJieH nJIOCKOCTll a:, TO I13 npR!IIOJrOJibHOro 

TpeyrOJibHI1Ka l~I = COS<p ll cos'l/J = COS!.pCOS')'. IlocKOJlhKY 0 <COS')'< 1, 
m 

TO COS 'l/J < COS cp lI, 3Ha"IHT1 'l/J > cp. 
,I1,oKa3aHo, 'ITO ec.!lu np.RMaJi rn ne nepnenau-x;y.!l.fiptta n.!loc-x;ocmu a:, mo 

yw.1t cp .MeJtCJy 3moil npJiMOil u ee opmo2ona.!l'b'!Wil npoex:u,ueil na n.!loc

x:ocm'b a: ecm'b nau.MOt'bmuil U3 6cex 603.MOJIC'li'btX y2.1Lo6 'l/J, o6pa3o6a'litt'b£X 

3moil np.5i.Moil m c npJi.M'bt.MU n.!locx:ocmu a:. On no onpeJe.!lettu'IO npunuMa

emcJi 3a y20.1L MeJtCiJy npJi.MOil m u n.!locx:ocm'b'IO a:. B cnyqae. Kor,ri;a rn J_ a, 
7r , 

rronaraeM no orrpe,ri;eneHlIIO cp = 2. 
52.4. 06 yrJiax Me:a<,ny nnocKOCTHMH. PaccMoTplIM yrJihI Me)K

,n;y BeKTopaMu k-rrJIOCKOCT11 u l-rrnocKOCT11 eBKJilI,!l,OBa npocTpaHCTBa En. 
Ka)K,n;oe II3 MHO)KeCTB 3T11X BeKTOpoB 3aMKHYTO. Yron Me)K,n;y BeKTopaj),rn: 

3TIIX IIJIOCKOCTeii RBJIReTCR cpyHK1lIIeii ( CKaJIRpHbIM npOII3Be,ri;eHIIeM) 3TIIX 

BeKTOpOB, orrpe,n;eJieHHOH Ha 3aMKHYTOM MHO)KeCTBe, II no3TO!IIY npIIHIIMaeT, 

Ha 3TOM MHO)KeCTBe o6a CBOII 3KCTpeMaJibHbie 3Ha'IeHIIR - MllHIIMaJibHOe 

1l MaKCIIMaJihHOe. ll3JIO)Keirne BOnpoca 0 IIX naXO)K,!J;eHIIII B HaCTORllleii 

KHMre cyry6o 3JieMeHTapHoro xapaKTepa He npe,n;cTaBJIReTcR B03MO)KHbI!IL 

IIo3TOMY npIIXO,!J;IITCR orpaHII'IIIThCR pacc1110TpemreM 'IaCTnoro cny'IaR -

yrJIOB Me)K,IT,y ,!J;BJMR ,!J;ByMepHbIMII IIJIOCKOCTRMll B 'IeTbipexMepHOM npo

CTpaHCTBe. 3aMeTMM 0,!J;HaKO, 'ITO npII k > 2 KpOMe MaKCllMaJibHOro II 

MllHllMaJibHOro 3Ha'IeHMH yrJIOB cyllleCTBJIOT ellle k - 2 3Ha'IeHMH, Haxo

,!J;RlllllXCR Me)K,n;y HIIMM. Bee OHM na3hIBaIOTCR cmau,uonap'li'bl.MU y2.1ta.Mu 

Me)K,IT,y k-nJIOCKOCTRMII. 

IIycTb ,n;Be npoM3BOJihHbie ,ri;ByMepnhre nJIOCKOCTll a n /3 'IeThrpexMepno

ro npocTpaHCTBa nepeceKaIOTCR B e,n;MHCTBeHHOii TO'IKe 0, II OA- neKOTO

paR npRMaR nnocKocTn a:, OB - rreKoTopaR npRMaR rrnocKOCTM /3 (pMc. 65). 
OcTphIH yron AO B neo6xo,n;m.rn ,n;omKeH IIMeTb MMHMMMhHoe HenyneBoe 

3Ha'IeHMe(a6coJIIOTHbIH MIIHMMYM), IlOCKOJibKY nJIOCKOCTll, KpoMe TO'IKll 0, 
,n;pyr:ax 061I11IX TO'IeK He HlvleIOT. IlyCTb AoiJ = cp II ecTb 3TOT a6coJIIOTHblll 

MMHIIMJM. Tor,n;a no CBOHCTBY yrna Me)K,n;y nnocKOCTRMII B CMhICJie CTe

peoMeTpnII ( TpexMepnoil reoMeTp:a:a) nnocKOCTh AO B neprreH,n;MKJJIRpHa 

o6e:aM nnocKOCTRM a: II /]. Haii,n;eHHaR nJIOCKOCTh npnBo,n;IIT KO BTopo:ii 

IIJIOCKOCTII A10B1 c TaKIIM )Ke cBoiicTBOM. B caMoM ,n;ene, rrycTb OA1 -

rreprreH,n;MKYJIRp K rrp}!MO:ii OA, Jie)Kalllnii B rrnocKOCTJJ a. Tor,n;a rrpRMaR 

OA1 rreprreH,IJ,HKYJIRpHa K rrJiocKoCTM AOB n, 3Ha'IMT, K rrpRMOH OB. AHa

nor:a'IHO, ecnn BOB1 - npRMOH yron B IIJIOCKOCTH /3, TO OB1 J_ OA. TaKHM 
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Pttc. 65 

o6pa30M, KaJK,n;aH H3 ,n;Byx npHMhIX OA n OB rreprreH,n;HKJJI5.!pHa KIDK,n;oil: 

H3 rrpRMhIX OA1 II OB1 II II09TOMY K IIJIOCKOCTII A10B1, T. e. IIJIOCKOCTh 

A10B1 TaKJKe cTepeoMeTpil'IecKn nepneH,n;IIKYJIRpHa nnocKOCTRM a n (3. 
,ll;OKa3aHo, 'ITO ecnn yrJihI AOB = r.p H Ai OB1 = '¢ He paBHhI, TO 

,n;pyrnx IIJIOCKOCTe:fi, KpOMe ,D;BYX Ha:fi,n;eHHhIX, c aHaJIOrU'IHhIMII CBOHCTBa:MH 

He cym;ecTByeT. B cJiy'lae paBeHCTBa r.p = '¢ IIJIOCKOCTII a n /3 BorrpeKII npe,n;

rroJioJKettmo nepeceKaJIHCh 6hI no np5.!MOii, T. e. Jie)KaJIII 6h1 B TpexMepHOM 

npocTpaHCTBe. 

HTaK, 06e npoU360Jl,'b'H:bte oByMep'l-l'bte nj/,oc-x:ocmu 'tem'btpex.1vtep'1-lo20 npo
cmpa'HcmBa 06paay10m 6 mo'l/,'/Ce ux nepece"te'l-lUJt iJBa ocmp'btX y2J1,a, J1,e:>1ea-
1«UX 6 oByx nJ1,0C'X:OcmJ1,x, icomop'bie cmepeo.1vtempu"tecicu nepne'l-liJu-x:y.1t.R.p'l-l'bt 
iJpy2 iJpy2y. 

EcJin o6a 9TH yr.rra npHMhie, TO nJioCKOCTH a n f3 opToroHaJihHO ;:i;orroJI

H5.IIOT ;:i;pyr ,n;pyra (Ka:>K)l;aR IIpRMa5.1 O)l;HOH IlJIOCKOCTU nepneH)l;IIKYJIRpHa 

Ka)K,ll.O:fi npRMOfi ;:i;pyro:lt IlJIOCKOCTII). 

I1MeeTca ypaBHeHne ,IJ;Jl5J Bhl'IIICJiemrn naphl yrJIOB MeJK,n;y IlJIOCKOCTR

MH a II (3. EcJin 9TH nJiocKOCTn 3a,n;aHhI ypaBHeHn5.IMII: 

{ 

X1 = 0, 

X2 = Q 

177 



TO MCKOl\fbie yrJibI naxo,n;zrTC.H M3 ypaBfieHH.H: 

tg" <p - (a2 + b2 + c2 + d2
) tg2 <p +(ad - bc)2 = 0. (7.23) 

(Schoute P.H. Mehrdeminsionale Geometrie, I. Leipzig, Goschen, 1902. 
s. 175) 

52.5. PaccToattne OT TO'-IKH ,n.o nrnepnJIOCKOCTH. 'l\hnm111a,1bHhI111 

paCCTO.HHIIel\I OT TO'IKII ,ll,O k-TIJIOCKOCTH 5!BJrneTC.H pacCTO.HHHe OT ,n;a1rnoii 

TO'IKH ,Ll;O OCHOBamrn nepneuµHKYJI5!pa, ony~e1rnoro ll3 Hee Ha k-IIJIOCKOCTb. 

Ha:II,n;e111 paccTO.HHIIe OT TO'IKH Jvl(rn 1 , rn2, ... , rnn) µo rimepm1ocKOCTH --y, 
3a,LI;aHHOH ypaBHCHllel\I (7.22) B OpTOHOPllIHpOBaHHbIX KOop,n;mraTax. 

IlapaMeTpn'IecKHe ypam1emrn neprrenµHKYJI.Hpa, ony~ermoro H3 TO'I

KH Ai, ua rmiepnJIOCKOCTh --y, II11re10T BH,n;: 

x; = rn; + u;t, i = l, 2, ... , n. (7.24) 

Ocn0Ba1rne 3Toro rrepneH,IJ.IIKYJI.Hpa cooTBeTCTByeT 3Ha'Iemuo napa111eTpa t, 
,ll,JlZI KOTOporo HOpl\la.JibHbI:iI BCKTOp it = ( u 11 u2' ... ' Un) rIInepIIJIOCKOCTII 

y,ll,OBJieTEop.HeT ypaBnemno (7.22): 

u1 (m1 + u1t) + u2(m2 + u2t) + ... + Un(mn + Unt) = v, 

OTKyµa 

t- v-(u1m1 +u2mz+ ... +unmn) 
- u?+u~+ ... +u~ 

Ha ocnoBaHIIII ¢opMyJihI (7.18) HcK01110e paccTORHne h OT TO'IKH M :n,o 

rIInepTIJIOCKOCTII "( paEno: 

n 

h2 _ "'c· . ·)2 _ 2c 2 2 . 2) _ - £_, X, - m, - t U1 + U2 + ... + Un -
i=l (u1m1 + u2m2 + ... + Unmn - v) 2 

= 2 2 u 1 + u 2 + ... + u?, 
Ju1m1 + u2m2 + ... + Unmn -vJ 

Jui+ u~ + ... + u~ 
h= 

§ 53. Bapu'UieHmpu'l/,eC'K;Ue 1wopduHam'bl mo'l/,'K;U 

aifj<fJUHH020 npocmpaHcmBa omHocumeA'bHO 

n-.MepH020 cu.MnAe'Jf,ca 

(7.25) 

53.1. Onpe,n.eJieH1rn. 06paTIIl\ICR K BeKTopno-napa11ieTpw1ecK0111y 

ypaBnennm (7.8) k-Mepnoti TIJIOCKOCTII npocTpaIICTBa An. IlpII k = n ono 

Bbipa:a<aeT BeKTOp x npOII3BOJibHOll TO'IKH x 3TOro npocTpaHCTBa ~iepe3 
JIIIHetino ne3aEIIClIMbie BeKTOpbI j5; 11 BeKTOp A ¢nKc11poBannoiI TO'IKH A, 
T. e. npe,n;cTaBJI.HeT co6ofi ypae1-wnue 6Ce20 arfxfiw-mozo npocmpancm6a An. 
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3a,n;a,n;II111 B rrpocTpaHcTBe n-MepHbrt'r CIIl\IIIJieKc ( S) = A 1 Az ... An+ 1 

KaK COBOKYITHOCTb n + 1 TO'IeK Ai' He Jiem:amIIx B O,LJ;HOH rurrepIIJIOCKOCTII. 

BeKTOpbI An+ I Ai ero pe6ep mmefino ne3aBIICIIMbI. CorJiacHo (7.8) rrpn 

A = An+ 1 HJ\Iee11i: 

An+1X = A1An+1A1 + AzAn+iAz + ... + AnAn+1An. (7.26) 

ITpn mo60l\1 na'-raJie 0 BeKTopoB 3To paBeHCTBO 3KBIIBaJieHTUO TaKOl\ry: 

X -An+l = A1(.41 -An+1) + Az(Az -An+1) + ... + An(An -An+1), 

HJIH 

x = A1A1 + AzAz + ... + AnAn + (1 - AJ - Az - ... - An)An+l · 

IToJIOMIIM 1 - A1 - Az - ... - An = An+i · Tor,n;a ,n;mr mo6oii TO'IKH X 6yAYT 

BbIIIOJIHRTbC51 paBeHCTBa: 

{ 
x = A1A1 + AzAz + ... + AnAn + An+1An+1, 

A1 + Az + ... + An+1 = 1 
(7 .27) 

He3aBUCUMO OT Bhr6opa Ha'IaJia 0 BeKTOpOB. 

LlncJia Ai B cnJiy (7.26) onpe,n;eJIRIOTCR O,!l,H03Ha'-mo ,n;JIR ,n;annofi TO'l

KII x II ,n;anHoro CHMIIJICKCa (S). 
Onpe,n,eJiea:ue. EcJin HJ\leIOT MecTo coOTHOllleunR (7.27), TO 'IUCJia A; 

Ha3bIBaIOTCR 6apuv,enmpu"lec?Cu.Mu ?Coopaunama.Mu mo"l'ICU X omnocume.11ib
HO CU.Mn.//,e'ICCa (S). 

BcJie,n;cTBne (7.26) Bee A;, KpoMe An+ I, RBJIRIOTCR arfxfiuntt'bl.MU ?Coopau
nama.Mu TO'IKH x OTHOCHTCJibHO a¢qrnmrofi CHCTCl\IbI KOOp,n;uHaT c Ha'la

JIOJ\! An+I II 6a3IICHbIJ\1H B€KTOpa11m e; = An+1A;, i = 1, 2, ... 'n. 
B 'IacTnocTn, ,LJ;JlR BeplIIHHhl Ak Koop,n;unaThl >.k = 1 n >.; = 0 rrpn i i k. 

<l>opMyJla ( 1.39) paccTORHHR MCMAY TO'IKa11m coxpa1rneT CBOfi npem:nnfi 

BI:!,!l; n 

AB2 = - L (Yi - xi)(Y1 - x1)a?1 , i < j, (7.28) 
i,j=l 

r,n;e a;j = IA;Aj I· ,lJ,oKa3aTeJihCTBO auaJXorn'IHO. 

53.2. C:uMnJieKc KaK reoMeTp:uqecKoe TeJio. He rrpI:16eraR K cTpo

rn111 orrpe,n;eJleHnR11r, OTl\IeTIIM, qyo n-111epub1fi CH!IIIIJieKc A1A2 ... An+I KaK 

COBOKYIIHOCTb n + 1 TO'IeK, He JJem:amnx B O,Ll;HOii rmrepnJIOCKOCTII a¢¢nn-

Haro rrpocTpaHCTBa, ne u.Meem G'HympenHocmu, T. e. He RBJIReTCR reoMeTpn

'ICCKllJ\I TCJJOM. Ecmr )KC K paBeHCTBaM (7.27) ,n;orroJinnTeJihHO rroTpe6oBaTb, 

'IT06bl 3Ha'ICHHe BCCX Koop,n;nHaT >.; y,n;OBJICTBOpRJIO ycJJOBHIO 0 ::::; >.; ::::; l, 
TO TO'-IKH x 6yAYT BHYTPCHI!lll\llI HJIH )KC rpaH:H'IHbll\IH TO'!Kal\ln CHJ\IIIJICKCa 

A 1 A2 ... An+ I· 06paTno, ,n;JJR Ka:a<:,n;ofi BHyTpemrefi rum m:e rpamI'IHOfi 

TOqKH CHl\IIlJICKCa cymecTBYCT orrpe,n;eJJeHHblH Ha6op ee 6apHJICHTpnqecKHX 

KOOp,Ll;HHaT, TaKHX qTo Bee 0 :::; >.; :::; 1. 
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Muaqe roBOp51, cuMn.tie'X:c A 1A2 ... An+l .ll6,/l,.llemc.ll 2eoMempu"leC'X:UM 
mMoM mo2aa u mo,11,'b'X:O mo2aa, 'X:o2aa 6apuv,eHmpu"lec'X:ue 'X:oopau'l-lamu ,\i 

e20 ffiO"le'X: X 'HeOmpuv,amM'b'H'bl U 'He 60,11,'bWe eau'HU'U,'bl. 

§ 54. aenmpouiJ CU.Mn.11,enca U 'll;e'HmpoUd'bl e20 2pa'HeU 

54.1. ll;eHTpOl-1,D; CHCTeMbl TO'leK. fpaH51MH pa3JIHqHblX pa31\IepHO

CTefi k (r.n,e k < n) n-MepHoro cnMIIJieKca (S) = A1A2 ... An+l 51BJI51IOT

C51 k-MepHhie CHMIIJieKChl. IIpn 3TOM CJiyqan k = 0 H k = 1 He HCKJIJOqaIOTC51 

H3 paccMOTpeHn51: HYJihMepHhie cMMrrJieKChI - cyTh ToqKn A; - BepIIIHHhI 

.n,annoro CHMIIJieKca, o.n,HOMepHhie- OTpe3KH A;Aj (pe6pa). 

By,n;eM paccJVraTpHBaTh TOqKH A; E An BHe 3aBHCHMOCTH OT pa3MepHO

CTH npocTpaHCTBa HJIH k-DJIOCKOCTH. c n,eJibIO 06HJHOCTH .n,oKa3hIBaeMblX 

HH:>Ke YTBep:>K.n,emi:iI orrpe.n,eJIHM nomITne n,eHTpon.n,a COBOKYIIHOCTH ToqeK. 

Onpe.n;eJieHHe. I.{eHmpouaoM cucmeM'bt n rrpOH3BOJihHhIX ToqeK 

A1, A2, A3, ... , An Ha3hIBaeTc51 ToqKa G, orrpe.n,eJI51eMa51 BeKTopoM 

- 1 - - -
G = -(A1 + A2 + ... +An) (7.29) 

n 
rrpn npOH3BOJihHOM Bb16ope HaqaJia BeKTOpOB. 

KotteqHo, n,eHTpOH,l], ,n;aHHOM CHCTeMbl ToqeK He .n,omKeH 3aBHCeTb OT 

Bhl6opa HaqaJia BeKTOpOB. )J,oKa:>KeM, qTo 3TO ,n;eMCTBHTeJihHO TaK. Ilpe,n;no

JIO)KHM, qTo npn Bh16ope HaqaJia B ToqKe 0 BhipruKeHHe (7.29) onpe,n;eJI51eT 

neK0Topy10 TO'IKY G, a npn Bh16ope HaqaJia B TO'IKe 0 1 3TO Bhipa)KeHne 

orrpe,n;eJI51eT ,n;pyry10 ToqKy G1 . Tor.n;a rroJiy'IHM: 

n n 

- 1 "'"""- 1 "'""" - -OG =;;;LOA;=;;; L(001+01Ai) = 
i=l i=l n 

1 - IL- - -- -= - · n001 + - 01A; = 001+01G1 = OG1. 
n n 

i=l 

CJie,n;oBaTeJihHO, TO'IKH G n G1 c0Brra.n;a10T. 

54.2. 3aBHCHMOCTb u;eHTPOH,ll;OB IlO)l;CHCTeM c u;ettTpOH,ll;OM .n;aH

HOH CHCTeMbJ TO'leK Bhipa)KaeTC51 CJie.n;y10lll,eil TeopeMOM. 

TeopeMa. Ec,11,u aa'Ha cucme.Ma n npou360,!1,'b'H'btx mo"le'X:, mo Bee ompe3-

'X:u, 'X:a:J/Ca'btU U3 'X:OmOp'btX coeau'H.llem v,e'Hmpoua Gk C060'X:yn'Hocmu ,11,106'btX k 
u3 3mux mo"le'X: c v,eHmpouao.M Gn-k co6o'X:ynHocmu ocma,11,'b'H'btX mo"le'X:, ne
pece'X:awmc.ll 6 v,e'Hmpouae G aa'/-£'/-1,0U cucme.M'bl u ae,/l,JlffiC.ll U.M 6 om'HOWe'HUU 
,\ = ( n - k) : k ( npu ifm'X:cupo6a'H'HOM k.) 

)J,eil:cTBHTeJihHo, ecJin B351Th, ttanpnMep, TO'IKH A1, A2, ... Ak H TO'IKH 

Ak+1,Ak+2 1 ••• ,An, TO 

- 1 - - -
Gk = k(A1 + A2 + ... + Ak), 

- 1 - - -
Gn-k = --k (Ak+l + Ak+2 + ... +An)· n-
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n-k 
Pa3,!l,eJIHM oTpe30K GkGn-k B OTHOIIIeHHII ,\ = -k-: 

ck+ >..Gn-k 
l+A. 

= 

1 - - - n-k 1 - - -
k(A1 + A2 + ... +A,.,)+ -k- · ~(Ak+1 + Ak+2 + ... +An) 

n-k 
1+--

k 

= 

1- - - - - - -
= -(A1 + A2 + ... + Ak + Ak+1 + Ak+2 + ... +An)= G. n 

CJie,!l,oBaTeJibHO, ,!l,emr~aa TO'IKa coBna,!l,aeT c u;eHTpOH,LJ,0111 ,LJ,aHHoii CHCTe

llihI TO'leK. 0'leBH,ll,HO, 3TOT :lKe pe3yJibTaT IIOJIY'IIIM, B3£B mo6hie ,!J,pyrHe 

rpyIIIIbI H3 k II n - k ,!l,aHHbIX TO'leK. 

B qacTHOCTH, npH n = 3, k = 1 noJiyqae111 cBoilcTBO Me.n;naH Tpe

yroJihHIIKa, IIpll n = 4, k = 1 - CBOilCTBO Me,ll,llaH TeTpa3,LJ,pa, a rrpn 

n = 4, k = 2 - CBOilCTBO 6HMe,!l,IIaH TeTpa3,!J,pa. Ilpu k = 1 npHMemITeJihHO 

K n-MepHO!l!Y CIIMIIJieKCY Hll!eeM o6o6ru;eHHYIO TeopeMy 0 Mep;nattax: 
6Ce ompe31W, 1W:>teiktu U3 'ICOmOp'btX coeaU'/uiem 6CpWU'liY CU.MnAe11:ca C 11,C'l-t

mpouao.M npomU60J1,e:>1eaw,eu eiJ, 2unep2pattu, nepece'ICaWmCJ£ 6 V,e'l-tmpouae 
aa'l-t'l-t020 CUMnAe'ICca U aeJ1,.R,ffiCJ£ U.M 6 Offi'H.OWe'l-tUU ( n - 1) : 1, C"tUmaJ£ om 

6epWU'l-t'bL. IlpH cPllKCHpOBaHHOM 3Ha'IeHHH k ?: 2 aHaJlOrH'IHOe CBOilCTBO 

IIOJiyqaeM )];JI£ 0Tpe3KOB, Ka)K,!l,hiil II3 KOTOpbIX coe,n;HHHeT u;eHTpOH,LJ,bI ,LJ,BYX 

npOTHBOIIOJIO:lKHbIX rpaHeii CHMIIJieKca. 

54.3. l.I,eHTPOHll, CHCTeMbl n;eHTpOH,lJ;OB. I1MeeT MeCTO 6oJiee o6~aa 

Teope111a. 

TeopeMa. ECJ1,u aaua cucme.Ma n npouaBo.11,'btt'btX mo"le'IC, mo v,enmpoua 

CUCme.M'bt v,enmpouao6 'IC a :>IC a 'bt X m ffiO"tC'IC COBnaiJaem C V,CHmpouiJoM 
aannou cucme.M'bL. 

21, 0 K a 3 a T e JI b c T B o. 0'leBH,!l,HO, 'IHCJIO Bcex u;eHTPOH)J.OB paBHO 

C;;'. I1o3TOMY BeKTOp Gm HX CHCTeMhI HMeeT Bbipa:iKeHne: 

- 1 (1 - - - 1 - - ) Gm = c;;i :;;:(A1 + A2 + ... +Am)+ m (An-m+1 + ... +An) . 

TaK KaK B o6~eil cy111Me Ka:lK,LJ,biil BeKTOp Ai CO,LJ,ep)l{HTC5.I c:-11 
pa3, TO 

- cm-/ - - -
Gm = nc- (A1 + A2 + ... +An) = 

m :::' 
(n-l)!m!(n-m)! - - -

( _ l)' ( _ )' 1 (A1 + A2 + ... +An) = m . n m .n.m 
1 - - - -= -(A1 + A2 + ... +An) = G, 
n 

'!eM H 3aKaH'!HBaeTca ,!l,OKa3aTeJihCTBO. D 
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,ZJ,m1 cuJ\mJieKca (S) aTa TeopeMa 03na<meT, qTo t\e'iimpoud cucmeM'bL 

i~eHmpouooe ecex ew epaH,e?°l OOH,ot/. pa3.ktep1wcmu coenarJaem c v,enmpou

iJoM cuMnJ1,enca. 

§ 55. llapaMe.JLenuneo'bt 

55.1. IloJiynJioCKOCTH H rrapaJIJieJimrnrre,z:i;b1. Ecmi B ypam1c

mrn (7.8) k-1repttoi1 IIJIOCKOCTll 0 ,LI, I! 0 Illy 'I J rrapa11eTpOB tz IIpII,ll,aBaTb 

TOJlbKO HCOTpIIIJ;aTeJibHbie 3Haqemr.H tz ~ 0, a OCTaJlbllbIJ\I rrapa111eTpa111 t; 
(i =/. l) - IIpOII3BOJlb1-Ibie ,LJ,eikTBUTeJlbHhie 3uaqemrn, TO J\Ibl IIOJIY'IH11 k-rro

JIYIIJIOCKOCTb, orpaHII'IeHHYIO (k - 1 )-HJIOCKOCTbIO 

X ==A+ t1P1 + t2p2 + ... + tkPk, t; =/. t1. (7.30) 

Ecm1 B ypaBuettu11 (7.8) B c e M rrapaMeTpaM ti rrpn,ll,aBaTb TOJlbKO 

31raqemrn 0 !:( t; !:( 1, TO 3THM ypaBHeHHeM 6y,LJ,eT onpeiJeJl,Rm'bcR k-na

paMMenuneiJ, BepUIHHbl KOTOporo 3a,LJ,aIOTC5I BCKTOpa1rn: 

A, A1 =A+ P1, A2 =A+ P-2, .ib =A+ P1 + P2, 
A12 ... k =A+ P1 + P2 + ... + ih· 

B qacTHOCTH, 2-napMJJ:eJJ:emme,n,bI tta.>bma10Tc5I napaMeJ1,oepaMMaMu 

(pnc. 66). 

Ai 

A~A,, 

0 P2 A2 

PHC. 66 

YcJJ:OBHMCB o6o3Ha'laTb k-napaJIJ1eJ1ennne11; c yKa3amrb11111 Beprmrna-

1111 k-napMJ1CJien11ne,Ll,OM AA1 A2 ... Ar2 ... k· Ha pnc. 67 n306pa.1KeH 3-rra

paJJ:JJ:eJJ:errnne,LJ, AA1 A2A:3A12A13A23A123. 

A23 A123 

A,~:oA,, 
O A P1 A1 

PHc. 67 
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Pnc. 68 

55.2. rpaHH napaJIJieJiennne.n;a. ITpn,ll,aBa5l B ypaBHemm (7.8) 3Ha

-cremrn 0 ~ ti ~ 1 Bce11 rrapa11eTpa1v1 ti rrpn i =/. l, a rrapar-1eTpy ti 3Ha-crernrn 

t1 = 0 IIJIII ti = 1, MbI rroJ1y-crn1v1 (k - l)-rrapam1eJierrnrre,ll,hI, 5IBJI£IOIIJIIe

c£ 2pai-t.RMU k-rrapaJIJieJiemme,ll,a. fpaun 3TIIX (k - l)-napaJIJ1enennne,I1,0B 

na3hrnaioTrn (k - 2)-rpaH5IMH k-napaJIJieJiennne,ll,a. fpamr 3THX (k - 2)-na

paJIJieJiennne,IJ;oB Ha3hrnaroTc5l ( k - 3 )-rpa1rn1v1n k-napaJIJieJienmie,ll,a, II T. ,ll,. 

TaKHM o6pa301v1, k-rrnpannenemme,IJ; o6na,IJ;aCT m-rpamnrn, r,IJ;e m rrpo6e

raeT 3Ha-cremrn OT 0 ,ll,O k - 1; 0-rpaHn coBna,ll,aIOT c Bepnrnua1v1u, 1-rpanu 

Ha3hIBaroTC5l pe6paJo.rn (npu k = 2 -- cTopoHaJ.Vrn). Ha puc. 68 H3o6pa){(eHhI 

BeplllIIHbI u pe6pa 4-napannenenune.ua AA1 A2 ... A1234. KaK BH,ll,HO H3 

pnc. 68, ou u1v1eeT 16 BeplliHH, 32 pe6pa, 24 2-rpauu u 8 3-rpane:fi. 

ITo,ll,ct.rnTaeM t.rIICJIO N~ m-rpaHeli k-napaJIJieJienune,ll,a. LJucno N/J ero 

BepllllUI, ot.reBH,IJ;HO, paBHO 2k, a t.!lICJIO (k - 1)-rpaHeH paBHO 2k. ,IJ:oKa:>KeJ\J 

MCTO)J;OM IIOJIHOH MaTeJ\JaTHt.reCKOH HHAJKI1HH, t.!TO 'iUC.IW m-2panei1 k-na
paJ1.11,e.J1,enuneaa paei-to 

N~ = 2k--mcr. (7.31) 

B caMOJ\I .uene, ¢opMyJia (7.31) cnpaBe,ll,JIIIBa ,ll,JIR k = 2, TaK KaK 

N6 = 22
cg = 22

, Nf = 2Ci = 2 · 2. 

11pe,ll,IIOJIO:>KIIM, t.!TO oua crrpaB8,ll,JIIIBa ,ll,JIR ( k - 1 )-napaJIJI8JI8IIHIIe,ll,OB, T. e. 

HMCIOT MCCTO cPOPMYJibI: 

N k-1 = 2k-m-icm Nk-l _ 2k-mcm-l 
m k-l' m-1 - k-l · 

Tor,IJ;a Ha OCI-IOBaHMH II3BCCTHOH ¢opMyJihI ,IJ;JI5I co-creTaHMil 

Cm cm + cm-1 
k = k-l k-1 

Mb! lIOJiyt.rae1v1, t.!TO 

N k - 2 2k-m-l. cm + 2k-mcm-l - 2k-mcm 
m - ' k-l 'k-l - k · 
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55.3. Ilp»MoyroJibHhIH k-rrapaJIJieJiemrne,LJ. H k-Ky6. Ecm1 Bee 

BeKTOpbI p1, p2 , ... , Pk k-napa.rmenemme,IJ,a nonapHo opToroHaJibHhI, TO on 

H83hIBaeTC5l np.Ft.MoyzoJt'b'Hibl.M. Ecm-1 K ToMy :a<e ,D,JIHHhI 3THX BeKTopoB paB

HhI, To np5IMoyroJihHhrll: k-napanne.rrennne,IJ, Ha3brnaeTC5I k-x:y6o.M. 

§ 56. Opmo2o'HaJ1/b'HaJl npoer.;'4UJl mo'lf,r.;u 

u BeK,mopa 'Ha k-nJWCK,OCm'b 

Ilp5IMa5l H83hrnaeTC5l nepnexilux;yJl,.flp'liou k-nJtocx:ocmu, ecnn oHa nep

nen,IJ,nKy.rr5Ipna Ka:a<,IJ,OH Ilp5I!IIOH 3TOH TIJIOCKOCTH. ~Jl5l 3TOro neo6XO)J;lll\IO 

H )J;OCTaTO'IHO, 'IT06br nanpaBJI5IIOIIl,HH BeKTOp ,n;aHHOH Ilp5I!IIOH 6bIJI opToro

HaJieH k JIHHell:HO He3aBHCHMblM BeKTOpaM 3TOM IlJIOCKOCTH. 

Ec.rrn TO'IKa P He npIIHa,n;ne:a<nT 3a,n;anHoll: k-n.rrocKOCTH /, TO B n.rrocKo

CTH / cylll,eCTByeT e,n;nncTBeHHa5I TO'IKa H TaKa5I, 'ITO np5IMa5l PH nepneu

,n;nKy.rmpHa rr.rrocKOCTH /. To'IKa H Ha3brnaeTc5I opmozoxa.t1,'b'liOU npoex:u,ueu 
TO'IKH P Ha rr.rrocKOCTh I· Ec.rrn TO'IKa P npnua,n;.rre:a<nT /, TO oua no 

orrpe)J;e.rreHnIO C'IHTaeTC5l CBoeil. opTorOHaJihHOii npoeKu;nell: Ha /. 

~OKa:a<eM cyru;ecTBOBaHHe H e,n;HHCTBeHHOCTb paccMaTpIIBae.MOH TO'I

KH H. IlycTh k-rrJIOCKOCTh / 3a)J;aHa TO'IKOH A H .rrnnell:Ho He3aBHCHMbIMH 

BeKTopaMn P1,:P2, ... ,Pk· Tor)J;a 

AH= r = tifh + t2f52 + ... + tkPk· 

TaK KaK PH .l 1, TO PH· Pi= 0, HJIH (AH - AP)· Pi= 0. Ec.rrn AP= p, 
TO H.MeeM CHCTeMy: 

! 
t1Pi + t2i51P2 + ... + tkP1Pk = i5 P1, 

t1p2f51 + t2f5~ + ... + tkf52f5k = f5f52, 

t1PkP1 + t2Pki52 + ... + tkfiZ = fifik, 

(7,32) 

B KOTopoll: 'Inc.rro ypaBHeHHH pasno qnc.rry nen3BeCTHhIX ti. Ee orrpe)J;eJIHTeJib 

Pf :P1P2 PIPk 

PkPI 

-2 
P2 

H83hIBaeTC5I onpeileJtumeJte.M I'pa.Ma BeKTopoB p1 , p2, ... , Pk. ~R JJHHell:Ho He-

3aBHCHMbIX BeKTOpOB on OTJIH'IeH OT ny.rr5l. C.rre,n;osaTeJibHO, CHCTeMa (7.32) 
H.MeeT e)J;HHCTBeHHOe pemenne, KOTOpoe H )J;aeT K03cPcPHl(HeHTbl ti HCKOMOro 

BeKTOpa AH H, 3Ha'IHT KOOp)J;HHaThr HCKOMOH npoeKu,nn H TO'IKH P. 
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B qacTHOCTH, ecJIH BeKTOpbI j5; rrorrapHo opToroua.rrhHhI, TO 

t f5f5; AH f5f51 - + f5f52 - + f5f5k _ 
i = --=2' = --=2Pl --=2P2 · · · + --=2Pk· 

P; P1 P2 Pk 

OpTOrOHa.TibHasI rrpoeKu;mr BeKTOpa j5 Ha BeKTOp r Ha3brnaeTC5! opmow
'H,Q,.f/,'b'/-tOU (cKaJI5!pHoil) npoe,,,,v,ueil 3mo20 ee,,,,mopa tta n.;wc,,,,ocm'b T 

IloJiy-creHHOe peillemie rro3BOJI5!eT Hafrn1 paccT05!HHe IP HI OT ToqKH P 
)1,0 k-IIJIOCKOCTH '°'f. 

IlpHMep 1. Hailmu a./l,u'/-ty u OC'l-t06a'l-tue nepnettau'K,yAJtpa, onyw,e'l-l'l-t020 
ua mo"t'K,U l'v1(5, 1, 0, 8) tta n.11,ociwcm'b, npoxoaJtw,yio "tepea mpu mO"t'K,U: 
A(l, 2, 3, 4), B(2, 3, 4, 5), C(2, 2, 3, 7). Koopauttam'bt opmottop.Mupoeattttue. 

P e ill e H H e. ,Il,JI5! peilleHH5! 3a,11,aqn nJIOCKOCTb ABC rrpoeKll.Hll 6y,11,el\1 

cqnTaTb 3a,11,auuoii TOqKoil A H HarrpaBJI5!IOlll.HMH BeKTOpaMH 

f51=AB=(l,l,l,l) H f52=AC=(l,0,0,3). 

Tor,11,a cll.cTeMa (7.32) HMeeT Bl.I)],: 

{ 
4t1 + 4t2 = 4, 

4t1 + l0t2 = 16, j5 =AM= (4, -1, -3, 4), 

OTKy,n;a t1 = -1, t2 = 2. fI03TOMy 

AH= -f51 +2f52 = (1,-1,-1,5) 

H H(2,1,2,9), IMHI =JM. 
IlpHMep 2. B'bt"tUC.11,Um'b ,,,,oopauttamu opmo2ottaA'bttoil npoe,,,,v,uu mo"t

,,,,u JVJ(2, - I, 3, l) ttan.11,oc,,,,ocm'b 

{ 
X1 + X2 + X3 - X4 + 1 = 0, 

2x1 + x2 - 2x3 + X4 + 2 = 0. 

P e ill e H II e. 3a,n;aqa auaJiorn:qHa rrpe.n;b!,eyru;eii, HO cylll.eCTBeHHO OT

JIHqaeTC5! 3a,n;aHHeM IIJIOCKOCTH rrpoeKll.Hii rrepeceqeHHeM ,11,Byx rnrreprmoc

KOCTeii qeTbipexMepuoro eBKJIH,11,0Ba npocTpaHcTBa n: qacTHbIM CJiyqaeM n:x 

B3aHMHOro pacrroJIO)KeHH5!: OHH opTOI'OHaJibHbI, TaK KaK OpTOI'OHaJibHbl ux 

HopMaJihHhie BeKTOpbr, rrpu 3TOM ,11,aHuaR ToqKa M rrpBua.n;Jie)KHT BTopoii 

rll.rrepnJIOCKOCTH. 9TH ,n;Be oco6eHHOCTH cylll.eCTBeHHO yrrpolll.aIOT peilleHBe: 

HCKOMaa: rrpoeKll.M5! 5!BJI5!eTca: ocH0Bmrne11r rreprreH,n;HKyJia:pa, orrylll.eHuoro 

H3 ToqKu M Ha rrepByro rBrrepnJIOCKOCTb. 9TOT rreprieH,n;uKyJia:p HMeeT 

rrapaMeTpnqecKue ypaBHeHn5!: 

XI = 2 + t, X2 = -1 + t, X3 = 3 + t, X4 = 1 - t. 

Peillaa: ux coBMeCTHO c ypaBHeHneM rrepBoil rnrreprrJiocKoCTH, Haxo

.D:IIM t = -1. CJie,n;oBaTeJibHO, ucKoMaa: rrpoeKll.Ha: HMeeT Koop,11,nHaThI 
(1, -2, 2, 2). 
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3ada'l/,U 'If, 2Jiaee 7 
(B OCHOBHOl\I 3aHMCTBOBaHbl 113 «C6opm!Ka 3a)l,a'I TIO remieTplIH» I flo)l, 

pe)l,aKU,Heti B. T. Ba3bIJieBa. M.: flpocBeI11,emre, 1980. Pa3)l.. 2. rn. 4.) 
7 .1. Onpe,n:ennTe pa3l\IepnocTH cne,n:y10I11,nx l\IHO:tKeCTB: 

1) MHO:tKeCTBa Bcex TpeyrOJ1hHIIKOB Ha IIJ10CKOCTII, Bcex TpeyrOJ1bHIIKOB 

B IIpOCTpaHCTBe, 

2) MHO:tKeCTBa Bcex TeTpa3,n:poB, 

3) MHO:tKeCTBa Bcex OKpy:tKnocTef1 rrpocTpancTBa, 

4) l\IHO:tKeCTBa Bcex 0Tpe3KOB ,!l;J1HHbl 1 na UJ10CKOCT1I. 

7.2. ,Il,aHhl TO'IKII A(l, 3, -1, 2) 11 B(-1, -2, 1, 3). Hafr,n:IITe Koop,n:mm

ThI TO'!eK nepece'!emrn np51MOti AB c Koop,n:m1aTIIhil\IH rnnepnJIOCKOCT51MII 

npocTpaHCTBa A 4 . 

7.3. ,Il,aHhI 'IeTbipe BeKTOpa 

a1 = (1, 2, 3, 4), a2 = (4, 3, 2, 1), a3 = (-1, 1, 3, 5), a4 = (O, 1, 2, 3). 

IloKa:tKHTe, 'ITO OHH mmeitHO 3aBIICIIl\lbI II Hati,LJ;HTe l\JaKCHl\JaJ1bHYIO ITO,LJ;CH

CTel\JY J1IIHeiino He3aBIICIIMbIX ll3 HIIX. Bbipa3HTe OCTaJ1bHbie BeKTOpbI '!epe3 

BeKTOpbI ::noil IIO,Ll;CIICTel\IbI. 

7.4. ,Il,oKa:)frnTe, 'ITO TO'IKH A(2, 1, -3, 4), B(O, 1, -2, 17), C(3, -2, -1, 0), 
D(2, -5, 2, 9) npnna,n:ne:)f<:aT o,n;Hoti nnocKOCTH. 

7.5. B a¢¢nmIOM npocTpaHcTBe A5 .n;ana IlJ10CKOCTb I= (A, a, b). Hail

,LJ;HTe napa111eTpH'IeCKHe H 06I11,ne ypaBHeHrrn 3TOti IIJ10CKOCTII OTHOCIITeJ1bHO 

a¢¢IIHHOil: CIICTel\lbI KOOp,LJ;HHaT (0, ei), ecmr II3BeCTHO, 'ITO 

A(2,o,1,o,-1), a=e1+e2+2e3+e4+es, 
b = e1 + 2e2 + e3 - 2e4 + 3es. 

7.6. ,Il,aHhI TPII neKOJIJIIIHeapHbie TO'IKH 

A(l,-1,4,-2), B(0,3,-4,3), C(2,1,0,-1) 

II eI11,e TPII HeKOJ1J1IIHeapHbie TO'IKII 

Ai (0, 1, -1, 3), B(-6 -1 -2 -3) 
' ' ' l 

Ci(-4,0, -1,0). 

Hati,n;IITe Koop,n;IIHaThI TO'IKII uepece'Iemrn nnocKOCTeti ABC u A1B 1 C1. 

7. 7. ,Il,aHbI .n;ne np51Mhie AB II CD. BbrnCHHTe nx n::mnl\moe pacuosmm:e

HHe, eC.ilII 

A(4,0,-1,2), B(0,3,2,1), C(L-1,-1,0), D(2,-1,-4,-5). 

7.8. ,Il,anbI Tprr rrmepnnocKOCTH rrpocTpancTBa A4 : 

2X1 + :fr2 - X3 + X4 - 1 = 0, 
X1 - 2x2 + X3 - X4 + 3 = 0, 

x1 + 12x2 - 5x3 + 5x4 - 8 = 0. 

,Il,oKa:)KHTe, 'ITO IlX nepece'!eHIIeM flBJ1flCTC51 IlJIOCKOCTb. 
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7.9. Orrpe,n;emITe B3am.moe pacrroJio;.Kemre nJIOCKOCTefI a u /3 B npo

cTpaHCTBe A 5 : 

(a) 

:r1 = 1 + 2t1 - 3t2, 
X2 = 1 + t1 - t2, 
X3=2-t1+2t2, 
X4 = l + ti + 2t2, 
X5 = 3fi - tz 

X1 = 2 - )q + A2, 
X2 = 4 + 2A1 - A2, 
X3 = 3>-1 + A2, 
X4 = 2 -t A1 + 2A2, 
X5 = 1 + >-1 + A2. 

7.10. Orrpe,n;emITe B3aHJ1rnoe pacrroJIO;.Kemie IIJIOCKOCTeii ABC u A1 B1 C1, 
ecmr A(4, 5, 3, 2), B(5, 7, 5, 4), C(6, 3, 4, 4): A 1(1, -2, 1, -3), Br(3, -2, 3, -2), 
C1(2, -4, 1, -4). 

7 .11. BhPrncm1Te Koop;:i;uttaThi opToronaJibnoii npoeKIIHH TO'fKII 

.M(O, -1, 2, 1) Ha nmeprrJIOCKOCTb 2xi + X2 + X4 - 3 = 0. 
7.12. BhI'fHCJinTe paccToHnne OT TO'fKH A(2, 3, -1, 1) ,n;o IIJIOCKOCTn: 

X1 + X2 - X3 + X4 = 0, 

-Xi + 2Xz + X3 - 1 = 0. 
7.13. B opTOHOpllrnpoBaHHOii cncTeJ11e KOop,n;m1aT rrpocTpancTBa E 4 ,n;a

HhI ypaanem:rn ITJIOCKOCTH: 

{ 
2x1 + X2 + X3 - X4 + 5 = 0, 

xi + x2 - 2x3 + 2x4 - 1 = 0. 

Ha:nn1 ypaattemrn rrJIOCKOcTn, anomie opTorouaJihno:n K ,n;anuoii ITJIOCKOCTII 

n co,n;ep;.Ka11Ie:ii TO'fKY P(l, -3, 2, 5). 
7.14. ,ILan cnMrrJieKc A 1A2 A3A4A5 B rrpocTpancTBe E 4

• BhI'fHCJIIITe 

paccTOHnne OT cepe,n;nnhI pe6pa AiA2 ,n;o 1Ief1Tpon,rr,a rpann A3A4A5, ecJin 
H3BeCTHhI ,LI,JIIIHhI acex ero pe6ep. 

7.15. BhI'fHCJinTe paccTOHHne 11reX<,n;y u;eHTpon,n;a11rn rpatteii AiA2A3 
n A1A4A5 cnllmJieKca A 1A2 A3A4A5, ecmr H3BeCTHhr ,LI,JIHHhI acex ero pe6ep. 

7.16. IlpHMaH rrepeceKaeT rnrreprrJIOCKOCTH rpaneii cnllnIJieKca 

A1A2A3A4A5 B TO'fKax Bi, Bz, B3, B4, Bs. ,lLoKaJKHTe, 'ITO cepe,n;nnhr OTpe3-
KOB AiB1 , A2B2, A3B3, A4B4 , A5Bs npnna,n;JieX<aT o,n;noit rnneprrJIOCKOCTH. 

7.17. Haii,n;IITe opToroHaJihBYIO rrpoeKIIHIO aeKTopa (7, -4, -1, 2) na 

ITJIOCKOCTb 

{ 
2x1 + x2 + X3 + 3x4 = 0, 

3x1 + 2x2 + 2x3 + X4 = 0. 

7.18. Haii,n;HTe ,n;Jinny ,n;naronam1 n-J11epnoro Ky6a c pe6poJ11 a. 
7.19. Ha:ii,ri;nTe OTHOillemre opToronaJihHOii rrpoeKu;nn pe6pa n-Mepnoro 

Ky6a na ero ,n;naronaJib K ,n;naronaJin Ky6a. 
7.20. Hat'i,n;nTe yroJI Me;.K,n;y ,D,narorra.JihIO 'fCTbrpexMepnoro Ky6a n ero 

o,n;HoMepuo:ii, ,n;ayMepuo:ii n TpexMepnoii rpam1Mn. 
7.21. Ha:ii,n;nTe yroJI MeX<,n;y ,n;naronaJihIO n-J11epmwo Ky6a n ero k-Mep-

HOH rpanhIO. 
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7.22. ,D,oKa)KHTe, 'ITO rHnepIIJIOCKOCTh, npoBe,11,eHHaR qepe3 KOHD;hI n 
pe6ep n-MepHoro Ky6a, BhIXO,ll,arn:nx II3 0,11,HOii: ero BepUIHHhI, nepneH,11,H

KYJIBpHa )l,HaroHaJIH Ky6a, Bhixo,n;arn:eii: H3 TOH *e BepUIHHbI. Haii.n;IITe 

paccTomrne OT sepUIHHbI Ky6a ,ll,O 3TOfI rmrepIIJIOCKOCTII, eCJIII )l,JlIIHa pe6pa 

Ky6a paBHa a. 

Omeemu 
7.1. 1) UieCTIIMepHO, )l,eBaTHMepHO, 2) ,1l,BeHa.n;11,aTH1IepHO, 3) UieCTIIMep

HO, 4) Tpex:MepHO. 

1.2. (o, ~,o, ~), (-~,o, ~, ~), (5, 13,-5,0). 

7.3. BeKTOpbI a1 H a2 JIHHeii:HO He3aBHCHMbI, 

- 1 (7- 3- ) - 1 (4- - ) a3 = 5 a1 - az , a4 = 5 a1 - a2 . 

7.5. X1 = 2 + t1 + t2, X2 = t1 + 2t2, X3 = 1 + 2ti + t2, X4 = t1 - 2tz, 
X5=-l+t1+3t2; 

7.6. (-2, 1, 0, 3). 
7. 7. CKpern:nBaIOTCB. 

{ 

3x1 - X2 - X3 - 5 = 0, 

4x1 - 3x2 - X4 - 8 = 0, 

X1 - 2x2 + X5 - 1 = 0. 

7.9. 11JlOCKOCTH a H /] CKpeIIJ,HBaIOTCR. 

7.10. IlJlOCKOCTil He HMeIOT o6IIJ,HX TO'IeK, HMeIOT O,D;HO o6rn:ee HarrpaB

JieHHe AB= C1B 1 = (1, 2, 2, 2). 

1.11. ( 1, -~, 2, D· 
7.12. ~-

{ 
3x1 - 5x2 - X3 - 16 = 0, 

7.13. 
X3 + X4 - 7 = 0. 

7.17. (5,-5,-2,-1). 
7.18. ayn. 

l 
7.19. -. 

n 
7r 7r 7r 

7.20. 3' 4' fi· 

7.21. cos 'P = 1¥· 
a 

7.22. h = ,;n· 
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